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Abstract 

Lie algebras of smooth sections are Lie algebras obtained from bundles of Lie algebras, where the latter 
are vector bundles of which the fibers are Lie algebras. We also consider the C fe -sections for k € N. 
This paper, which is essentially my diploma thesis from May 2007 at Technische Universitat Darmstadt, 
studies the derivations, the centroid and the isomorphisms of such Lie algebras and generalizes some facts 
from Lecomte's publications [Lc79] and [Lc80] to the case where the fiber is perfect or centerfree and it 
gives some more explicit proofs. 
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1 Introduction 



1.1 Motivation and requirements 

There are two main goals in the analysis of Lie algebras of smooth sections: On the one hand, the infinite- 
dimensional Lie algebras are not yet as well studied as the finite-dimensional ones and the methods used 
in finite-dimensional Lie theory are difficult to adapt to the infinite-dimensional case. I will discuss some 
properties of the Lie algebras of smooth sections in Chapter 3, especially their derivations, centroids and 
isomorphisms. 

A solid knowledge of analysis, linear algebra, topology and some knowledge of the theory of manifolds, 
e.g. a priori to be acquired in [Ne05], is required. However, there is no knowledge of Lie algebra theory 
required, for the relevant parts will be explained. 
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1.2 Remarks concerning notation 

I will follow some notational conventions which ought to be clarified. 

• The formulae A C B and B D A will mean that each element of the set A is an element of the 
set B and equality is not excluded. In order to describe a subset relation excluding equality I will 
write A C B or B 15 A. 

• All vector spaces and (bi)linear maps are considered over a field K <E {M,C}. 

• The set {0, 1,2,.. .} is denoted by N and the set {0, 1, 2, . . .} U {oo} is denoted by N. 

• A C fe -map, k G N, is a fc-times continuously differcntiable function. A function is also called 
"smooth" instead of C°°. 

• A manifold M will always be smooth, finite-dimensional over R, hausdorff, paracompact and con- 
nected. 

• Let (ei, . . . , e m ) denote the canonical basis of R m . Then ([/, £) being a chart of a manifold M with 
dim M = m, x G U and / : U — > E being a C 1 -map between U and a finite-dimensional vector 
space E, we define the notation 



(%W :=%/(*) :=j t 



/(r'KOO+fei))- 



As a basis of T X M we can take ((d^ 1 ) x , . . . , (c^ m ) x ), where (d^) x := T^ x \ (£ : ) (e^). We write 
for the map U T X M, x H- (%),.. Any vector field X G V(M) takes the local form YJiLi 
for certain functions X 1 , . . . X m eC°°(U, R). For / G C°°(A/,M) we define X.f G C°°(M,R) by 
(A\/)(x) := (T x f)(X x ) and we see that the two different definitions of ((?£.) are linked by the 
formula (%) x (/) = ((%)./) (x). 

If / is a C fc -function and a = (ai, . . . , a m ) G N m a multi-index with a := J2iLi a i — then we 
write: 

<•;;■/: <r •••<•;;■;/. 

For a multi-index a G N m we also define a! := Jlti Then, if £([/) is convex, the Taylor Formula 
can be stated as follows for x,y G U and some z G [0, 1] • (a; — y) + y C t/: 

|a|<fc |a|=fe 

Furthermore, we define the notation 7 < a for multi-indices a, 7 G N m , which means ji < ai for 
all i G {1, . . . , m}, and we define the multinomial coefficients for multi- indices 7 < a G N m : 

a 



7/ 7!(a — 7)! 

For multi- indices 7 < a G N m and any canonical basis vector e, of R m , the multinomial coefficients 
satisfy the formula 

'a + eA _ /a\ / a 
+ 1,7/ V^ + e * 

• A Lie group is a manifold equipped with a smooth group multiplication whose inversion is smooth. 

• The neutral element of a group is denoted by 1 and if g is an element of the group, then A g is the 
multiplication by g from the left and p g is the multiplication by g from the right. 
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• Depending on the context, the symbol 1 denotes the identity map of a vector space, the endomor- 
phism of a vector bundle where each l x is the identity of the x-fibcr, or a constant map with value 
1 on a manifold. 

• For numbers m, n 6 N\ {0}, the space of all m x n-matrices with entries in K is denoted by M mj „(K) 
and is canonically identified with the space of linear functions K™ — > K m . Note that, if we have 
m = or n = 0, then M mj „(K) is the vector space containing the unique linear map IK™ — > or 
— > K™, respectively. 

• If / : M — V E is a C fe -map between a manifold and a finite-dimensional vector space, n G N with 
n < k and x g M . then we define the notation 



• If, for each point x G M of a set, T x = T(x) : N — > P is a map and A x = A(x) 6 TV is a point, 
then we denote the map M — > P, x i-> X^A,,) by T • A. If, for each point x € A/ of a set, 
= T(;r) : iV — > P is a map and S x = S(x) : L — > N is a map, then we denote the map A/ — > P L , 
x ^ T x o S x by T o S. 

2 Definitions, notions, former results 

2.1 Associative algebras and Lie algebras 
Definition 2.1. Let A be a vector space. 

1. A is called an algebra if equipped with a bilinear map A x A — > A, (x, y) \-> x ■ y, which we call the 
multiplication of the algebra A. 

2. An algebra A is called associative, if x • (y ■ z) = (x ■ y) • z is satisfied for all x,y, z E A. In this case 
the expression x ■ y ■ z is clear without ambiguity. An associative algebra A may possess an element 
1 G A with 1 ■ x = x • 1 = x for all x G A, called unity element. 

3. An algebra q is called a Lie algebra and its multiplication map is also written [•,•] : 5 x g -> g, 

i — y [x, j/], if the following two conditions are satisfied: 

(a) [-, ■] is alternating, i.e. [x, x] = for all x G g. 

(b) the Jacobi identity, i.e. [[x, y] , z] + [[z, x] , y] + [[y, z] , x] =0 for all x,y,z G fl. 

4. If S, T are subsets of an algebra A, we define S ■ T to be the vector space generated by the set 
{s ■ t : s G S, t G T}. In the Lie algebra case we also write [S, T] instead of S ■ T. 

5. Let B be a vector subspace of an algebra A. It is called left ideal of A, if A ■ B C B, i.e. x ■ y E B 
for all X G A, y G -B. It is called right ideal of A, ii B ■ A C B , i.e. y • x G -B for all x G A, y G B. 
It is called (two-sided) ideal of A, symbolically B < A, if it is a left ideal and a right ideal of A. In 
the Lie algebra case, the conditions A ■ B C B and B ■ A C B are equivalent. 

6. A vector subspace B of an algebra A is called a subalgebra of A, symbolically £> < A, if x ■ y G £> 
for all x,y <E B, i.e. the multiplication of A induces a multiplication of B. Of course a subalgebra 
of j4 is an algebra, too. 

7. Let 2 be a Lie algebra. The vector subspace [g, g] is called the commutator of q and g is perfect if 
= [g,fl]. The vector subspace {x G 0| [x, y] = for all y G 0} is called the center of 0, denoted by 
3(0), and is abelian if 3(0) = or, equivalently, [0,0] = 0. The Lie algebra is called centerfree, 




if 3(0) = 0. 
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8. A Lie algebra g is nilpotent, if its lower central series g°, g 1 , g 2 , . . ., which is defined by g° := g and 
g n+1 := [g, g n ] for n G N, becomes zero eventually. 

9. A Lie algebra g is solvable, if its derived series g(°\ g^\ g( 2 \ . . ., which is defined by g(°) := g and 
jj(n+i) := [g(™' , gW] for n£N, becomes zero eventually. 

Remark 2.2. In our case of K being a field of characteristic 0, an algebra multiplication is alternating 
if and only if it is skew-symmetric: On the one hand we have, for all x, y G g : 

[x, y] = — [y, x] => [x, x] = — [x, x] ==>• 2 [x, x] = =>■ [x, x] = 0. 

On the other hand, for all x,y, z G g: 

[z, z] = =*> = [x + y, x + y] = [x, x] + [x, y] + [y, x] + [y, y] = [x, y] + [y, x] 

=>■ [x,y] = - [y,x] . 

The next lemma (of which I leave out the elementary proof) shows four "canonical" ways to construct 
algebras. 

Lemma 2.3. 

1. Let V be an arbitrary vector space. Then its vector space endomorphisms form an associative algebra 
where the multiplication of the algebra is o, the composition of functions. This associative algebra 
is called the endomorphism algebra ofV, denoted by End(y) 1 . 

2. Let A be an associative algebra. A equipped with the map [•,•]: A x A — > A, (a, b) h- y a • b — b • a, 
called the commutator bracket of A, is a Lie algebra, denoted by Al. 

3. A being an algebra, the vector space { / G End(A)| f{a ■ b) = f(a) ■ b + a ■ f(b) for all a, b G A} is a 
Lie subalgebra o/End(A)i, called the Lie algebra of derivations of A, denoted by Der(A). 

4- A being an algebra and I < A an ideal, the quotient vector space A/ 1 equipped with the well-defined 
induced multiplication 

A/I x A/I — ► A/I 
(a + I,b + l)>—t(a-b) + I 

is an algebra, called quotient algebra of A modulo I, denoted by A/ 1. 
Definition 2.4. The set of Lie algebra morphisms of g and f) is 

Hom(g,()) := {/ : g ->■ t) linear map \f([x,y]) = [f{x),f(y)] for all x,y G g} . 

The set of Lie algebra isomorphimsm of g and f) is 

Iso(g, t)) := {/ : g -> f) linear isomorphism | f([x, y]) = [f(x),f(y)} for all x, y G g} . 

In the special case of g = f) we even have a group Aut(g) := Iso(g, g) with neutral element 1 = id g , which 
is called group of Lie algebra automorphisms of g. 

Now it is time to give some important examples of algebras. 

Example 2.5. 

1. Every vector space V can be equipped with the trivial Lie bracket: [x, y] := for all x, y G V . 

lr The symbol End(V) will also be used to describe only the set of vector space endomorphisms of V. 
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2. S being a set and A being an algebra, the set ^4 of all mappings S — > A can be pointwisely equipped 
with an algebra structure. An important subalgebra of such an algebra is C k (M, K) < K M , where 
M is a smooth manifold, IK is equipped with the field multiplication as algebra multiplication and 

3. If (g, [•,•]) is a Lie algebra and ip : V — > g is an isomorphism of vector spaces, then we can define a 
Lie bracket on V as follows: 

[-, .] v : V x V — > V 

(v, w) i — > tp- 1 [<p(v), (f(w)] . 

Then (p becomes an isomorphism of the Lie algebras (v, [•, and (g, [•, •]). 

4. If V is a vector space, we call gl(V) := End(V)i, the general Lie algebra ofV. 

5. If V is a vector space and dim(V) < oo, we call sl(V) := { / € End(F)| tr(/) = 0} the special Lie 
algebra of V. In fact, sl(V) is a Lie subalgebra of Ql(V): 

tv([f,g}) = tr(/ og-gof) = tr(/ o <?) - tr(<? o /) = tr(/ o g) - tr(/ o g) = 

This calculation even shows that [g[(y), gl(l/)] C sl(V). 

6. The squared matrices over K with n rows form the associative algebra Af„ jn (]fC) with respect to the 
multiplication of matrices. It is isomorphic to End (K n ). The corresponding Lie algebra (M„ in (K)) L 
isomorphic to g[(K") is denoted by gl n (K) and called general linear Lie algebra of order n. 

Analogously, s[„(K) := {A 6 M„(IK)| tr(A) = 0} is called special linear Lie algebra of order n and 
is isomorphic to sl(K n ). We identify End (K") , g[ (K n ) , st (K n ) with M„(K), gl„(K), sl„(K), re- 
spectively. 

7. Let (3 : V x V — >Kbca bilinear map. The set 

o(y,0) := {/ G End(y)|^(/(a;),i/) +/3(x,f(y)) = 0} 

is a K-Lie subalgebra of jjl(V), called the Lie algebra of f3- skew- symmetric endomorphisms of V. 
There are some important examples of this type of Lie algebra: 

(a) For V = W 1 and /3(x,y) = J2i=i x iUi we write o„(K) := o(V,0). This is the orthogonal Lie 
algebra of order n, which can be identified with 

{Ae M n (K)\ A + A T = 0} , 

the set of skew-symmetric n x n-matrices. The space so„(K) := o„(K) n sl n (K) is a Lie 
subalgebra of o n (K), called special orthogonal Lie algebra of order n. 2 

(b) For V = C" and 0(x, y) = J27=i x iyi we write u„(C) := o(V, f3). This is the unitary Lie algebra 
of order n, which can be identified with 

{Ae AI n (C)\A + W = Q}, 

the set of complex skew-hermitian n x n-matrices. Note that this is not a complex, but a real 
Lie algebra, since it is not a C-vector space. The space su n (C) := u„(C) P\ sl n (C) is a Lie 
subalgebra of u„(C), called special unitary Lie algebra of order n. 

2 In our considered case of K S {K, C}, there is no difference between so n (K) and o„(K). The case so„(K) C o„(K) is 
only possible if char(K) = 2. 
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(c) For V = K 2 ™ and f3(x,y) = Yli=i x iVn+i ~ x n +iVi wc write sp 2 „(K) := o(V,j3). This is the 
symplectic Lie algebra of order n, which can be identified with 



A B 

C -A T 



G M 2 (M n (K)) £* M 2 „(K) 



B = B T ,C = C T 



Remark 2.6. 



1. One can show that for any Lie algebra g there is an associative algebra with unity U(g), such that q 
can be embedded into (U{g)) L via an injective morphism of Lie algebras r] a : g — > (U{g)) L (cf. Part 
III of [Ne94]). If one demands a universal property 3 of U(g) and r] g , then (W(fl),r/ B ) is unique up 
to algebra isomorphism, i.e. an isomorphism of vector spaces preserving the multiplications, and 
{M{g),T]g) is called universal enveloping algebra of g. 

2. The Ado Theorem states that each finite-dimensional Lie algebra is isomorphic to a Lie subalgcbra 
of fjI n (K) for certain n G N, i.e. each finite-dimensional Lie algebra is, up to isomorphism, a Lie 
algebra of squared matrices. 

Definition 2.7. Let g be a Lie algebra. 

1. If V is a vector space, then a representation of g on V is a morphism of Lie algebras 

p: S —> B l(V). 

2. A g-module is a vector space V with a K-bilinear map 

p:gxV — > V 

(x,v) i — > fj,(x,v) =: x.w 

satisfying the equation 

.u = a;.(y.(i;)) - y.(a:.(t;)) 

for all x,y £ g and v G V. 

It is not difficult to obtain a bijective correspondence between the concepts of g-module and repre- 
sentation of g: Given a module with multiplication [j, : g x V ^ V one can define a representation 
by 

r(n) : g — > flt(V) 

:r i ^ (l) i— > fjb(x,v)). 

Given a representation p : g — > gl(V) one can define a module structure on V by 

m(p) : fj x — > V 
(x,v) i — >• 

It is easy to verify that r(m(p)) = p and m(r(p)) = p for every representation p and every module 
multiplication p. 

A linear map / : V — > between two modules is called module morphism, if f(x.v) = x.f(v) for 
all x G 0, v G V . The vector space of module morphisms V — > W is denoted by Hom 8 (V, W) and wc 
write End g (F) := Hom B (V, V). A vector subspace W C V of a module which is invariant under is 
itself a module, called submodule. Images and kernels of module morphisms, quotients of modules 
modulo submodules and intersections of submodules are again modules. Note that the direct sum 
(in the sense of vector subspaces) of two submodules is also a submodule. 



3 If A is an associative algebra with unity and a : g — > Al is a morphism of Lie algebras, then there is a unique morphism 
of associative algebras a' : U(q) — » A such that c/(l) = 1 and a' o ri = a. 
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3. A module V 7^ is called 

(a) simple, if is its only proper submodule. 

(b) semisimple, if for each of its submodules W there is a complementary submodule W C V such 
that W @W = V . 

(c) trivial, if g.y = 0. 

Some useful facts about simple and semisimple modules are presented in the following two lemmas, 
shown e.g. in [Ne02]: 

Lemma 2.8. 

1. Submodules and quotient modules of semisimple modules are semisimple, too. 

2. The following statements are equivalent for a Lie algebra g and a Q-module V : 

(a) V is semisimple. 

(b) V is a sum of simple modules. 

(c) V is a direct sum of simple modules. 

Lemma 2.9. (Schur Lemma) Let V, W be simple g-modules of a Lie algebra g. 

1. Hom 8 (V, W) =0, if V is not isomorphic to W. 

2. Each non-zero element o/End B (V) is invertible. 

3. 7/dimOO < oo and K = C. then End (V) = C • 1. 

Definition 2.10. Let g be a Lie algebra. We define the adjoint representation 4 of g to be the map 

ad : g — ► Der(g) 

x i — > &d x := (y i y [x, y]) . 

The Jacobi identity for g ensures that the range is properly chosen. Note that i(g) = ker(ad). 

The adjoint representation of g corresponds to the g-module structure on g, where the multiplication 
is the Lie bracket of g. In this sense the ideals of g are the submodules of g. We use this change of 
perspective in order to define the notions "simple" and "semisimple" for Lie algebras. 

Definition 2.11. Let g be a Lie algebra and consider it as a g-module with respect to the adjoint 
representation. 

1. is a simple Lie algebra, if it is a non-trivial simple g-modulc. 

2. g is a semisimple Lie algebra, if it is the direct sum of non-trivial simple g-modules, i.e. of simple 
Lie algebras. 

3. g is a reductive Lie algebra, if it is the direct sum of simple g-modules., i.e. ideals of g. 

Example 2.12. The Lie algebras sl n (K) for n > 2 and so„(K) = n (K) for n > 5 and sp 2n (^) for n > 1 
are simple. The Lie algebras g[„(K) for n > 1 are reductive and dim3 (gl n (K)) = 1. For proofs, cf. e.g. 
[Ne02]. 

Remark 2.13. If g = a © fa is a decomposition of a Lie algebra into a direct sum of ideals, then 
[a, fa] C a n fa = 0. 

4 ad represents g on g: ad^^] (z) = [[x, y] ,z\ = — [y, [x, z]] + [x, [y, z]] = [ad x , ady] (2) 
=> ad^ y] = [ad^ady]. 
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The relation between reductive and scmisimple Lie algebras is described in the following lemma. For 
a proof, cf. e.g. [Ne02]. 

Lemma 2.14. Let g be a Lie algebra. 

1. If g is semisimple, then it is reductive, perfect, centerfree and Der(g) = ad(g). So ad : g — > Der(g) 
is an isomorphism of Lie algebras. 

2. If g is reductive, then g = [fl, £)] ©3(0) and [g,g] is semisimple. In particular, a reductive Lie algebra 
is semisimple if and only if it is centerfree if and only if it is perfect. 

Example 2.15. Let g be a two-dimensional K- vector space with basis (x±,X2)- The unique skew- 
symmetric bilinear map [-, •] :gxg->g determined by the relation [rci,^] := %i is a Lie bracket. The 
Lie algebra (g, [-, ■]) is centerfree, but not perfect, thus not reductive. Let f) be a five-dimensional K-vector 
space with basis (yi, ... ,2/5). The unique skew-symmetric bilinear map {•,•}: f) X f) t) determined by 
the relations 

{2/1,2/2} := 2/1, {2/1,2/3} := 2/2, {2/1, 2/4 := 2/3, {2/2, 2/3} := 2/4, {2/2, 2/4} := 2/5, 
{2/1,2/5} := {2/2,2/5} := {2/3,2/4} := {2/3,2/5} := {2/4,2/5} := 0. 

is a Lie bracket. The Lie algebra (f), {•, •}) possesses the non-zero center K • 1/5, but it is perfect, thus not 
reductive. 

An interesting vector subspace of End(g) is the centroid of g. 

Definition 2.16. The commutant of the adjoint representation or centroid of a Lie algebra g is defined 
as follows: 

Cent(g) : = {fe End(g)| [/, ad x ] = for all x G 0} = { / G End(fl)| / o ad,, = &d x of for all 165} 
= { / G End(g)| / [x, y] = [x, f(y)} for all x,y e g} . 

Note that for / G Cent(g) and x,y € g we have: 

[f(x), y] = - [y, f(x)\ = -f [y, x]=f [x, y] = [x, f(y)] . 

For a finer analysis of the structure of Cent(g), we introduce special elements in an endomorphism 
algebra. 

Definition 2.17. Let End(V) be the endomorphism algebra of a vector space V and g a Lie algebra. 

1. A map / G End(y) is nilpotent, if there exists n G N such that /" = 0. 5 A map / G End(V) 
is semisimple, if for each /-invariant subspace W C V there exists a complementary /-invariant 
subspace W C V such that W ® W = V. 

2. We define the subsets N(g) := {/ G Cent(fl)| / nilpotent}, S(g) := {/ G Ccnt(g)| / semisimple} and 
the vector subspace J(g) :={</? G Cent(g)| a,d x otp = = <p o ad^ for all x G g}. 

Lemma 2.18. Let g be a Lie algebra. 

1. Ccnt(g) is an associative subalgebra o/End(g). 

2. We have the inclusions Cent(g) o Der(g) C Dcr(g) and [Cent(g), Dcr(g)] C Ccnt(g) or, to say it in 
other words, Der(g) is a Cent(g) -module and Dcr(g) acts by module derivations on Ccnt(g). 

3. We have the inclusion [Cent(g), Cent(g)] C Hom(g/ [g,g] ,j(g)). In particular, if g is perfect or 
centerfree, then Cent(g) is abelian. In the latter case, if g is of finite dimension, then N(g),S(g) 
are associative subalgebras of Cent (g) with Cent(g) = N(g) © S(g). 

5 Note that in the case of dim V = d < 00 this is equivalent to f d = 0. 
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4- If S is of dimension d G N and semisimple, then N(g) = 0, thus Cent(g) = S(g). 
Proof. 

1. Clearly, Ccnt(g) is a vector subspace of End(g). If /, g G Ccnt(g), then for all x, y G g we have: 

(/s) [i, 2/] = / (.9 [*, y]) = / ([a:, = [x, f(g(y))] = [x, (fg)(y)} . 
So, fg is also in Cent(g). Therefore Ccnt(g) is an associative subalgcbra of End(g). 

2. Let / G Cent(g), g G Der(g) and x, y G g. Then: 

[/>ff] 3/] = /(s -5(/[»,3/]) = f([gx,y] + [x,gy]) -g([x,fy}) 

= f(\gx, y}) + f([x, gy\) - [gx, fy] - [a:, gfy] = [gx, fy] + [x, fgy] - [gx, fy] - [x, gfy] 
= [x, fgy] - [x, gfy] = [x, fgy - gfy] = [x, [/, g] (y)] . 

This implies [Cent(g), Dcr(g)] C Ccnt(g). We may also calculate: 

(fg) [x,y] = f([gx,y] + [x,gy]) = [(fg)x,y] + [x, (fg)y] . 
We thus get Cent(g) o Der(g) C Der(g). 

3. Let /, g G Ccnt(g) and x,y G g. We calculate: 

[[/, 9] (x), y] = [f(gx) - g(fx), y] = f [gx, y] - g [fx, y] = fg [x, y] - gf [x, y] 
= [fx,gy] - [fx,gy] = 0. 

Therefore [/, g] (g) C 3(g). If z G [g, g] is arbitrarily chosen, then there exist finitely many elements 
Xi, yi, X2, 2/2) • • • j x n , y n G g such that z — 5Z i=1 [xi, j/,] and thus we obtain 

n 

[f, g] ( z ) = ^2fg [xi, yi] - gf [xi,yi] = o 

i=l 

implying [f,g] ([fl,fl]) = and so [/, g] identifies with a vector space morphism g/ [g,g] — > 3(g). 

Now let Cent(g) be abelian and g of finite dimension. Obviously, the subsets N(g),S(g) are closed 
under the multiplication by scalars in K. 

Let /, g G N(g) and n,m G N such that /" = g m = 0. Obviously, / o g is also nilpotent. Since 
Ccnt(g) is abelian, we have [/, g] = and so we can apply the Binomial Theorem, yielding 

n+m-l / -1 \ 

n— 1 / s m— 1 / \ 

- E (:t T-fc ) r- 1 -*^ + E ( n t + * ) r+ v-*- 1 - o + o = o. 

fc=0 ^ ' fe=0 ^ ' 

Thus / + g is also nilpotent. So N(g) is an associative subalgebra of Cent(g). 

Let /, g G S(g). We want to show that f + g and / o j are also semisimple. If K = R, then 
we use Corollary V.2.8 of [Nc94] to say that h G End(g) would be semisimple if and only if its 
complcxification he '■= idcgig ®h was semisimple. So we only consider the case K = C. By Lemma 
V.3.3 of [Ne94], "semisimple" means the same as "diagonalizable" for K = C. Since Cent(g) is 
abelian, we have [/, g] — and so we can apply a theorem about simultaneous diagonalzation 
(cf. e.g. Theorem 11.B.15 of [StWi90]): Diagonalizable endomorphisms of a vector space of finite 
dimension are simultaneously diagonalizable if and only if they commute. So / and g are diagonal 
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with respect to a fixed basis, thus also f + g and fog, so they are semisimplc, too. This shows 
that S(g) is an associative subspacc of Cent(g). 

The Jordan Theorem V.3.5 of [Ne94] yields that each element / £ Cent(g) decomposes into the 
sum of a nilpotcnt vector space cndomorphism /„ and a semisimplc one f s and because of the fact 
that / commutes with any ad x for i£g this is also satisfied for f n and f s . Since Ccnt(g) is abelian, 
any two endomorphisms n, s with / = n + s, where n £ N(g) and s £ S(g), commute with / and so 
the theorem also implies that n = /„ and s = f s . This shows Cent(g) = N(g) © S(g). 

4. If / £ N(g), then / d (g) = 0. On the other hand, /(g) is an ideal of g because for x,y £ g we have 
[y,f(x)} = f [x,y] £ /(g). Since /(g)™ C /"(g) for all n £ N, this implies /(g) d = 0, so /(g) is a 
nilpotent ideal of g. But g is semisimple, so this ideal is trivial and / = 0. 

□ 

Remark 2.19. 

1. Note that any finite-dimensional associative commutative C-algcbra A with unity element 1 can be 
realized as the centroid of a perfect and centerfrec C-Lie algebra g. We show this in several steps. 

(a) Let t be an finite-dimensional simple C-Lie algebra, e.g. t =st2(C). Then it is central, i.e. 

Ccnt(t) = End { («) = K ■ 1, 

by the Schur Lemma. We define g := t ® A, understood as the tensor product of K-vector 
spaces. By setting [(x ® a), (y ® b)] := [x, y] <S> ab for all generating elements x,y £ t and 
a, b £ A and extending [•, •] to a C-bilinear map g x g — > g, we obtain a Lie algebra (g, [•, •]). 

(b) Since £ is simple, it is perfect. This implies that g is also perfect: An element v £ g takes the 
form v = a;,; (3 at for certain &i, . . . ,x n £ 4 and ai, . . . ,a n £ A and each a^ can be written 
as Xi = X^Lx for some ya,za,. . . , yi n ,z iri £ {. So we have 

n I Ti \ n ri 

y = y^ y^ ® «i = y^ y^ ® a*, ^ & i] . 
t=i y t=i i=i 

(c) Furthermore, g is centerfree because t is so: If v ~ Y^jLi x j ® a i e fo f some £i, • ■ • , x m £ t 
and ai, . . . , a rn £ A, then, for all x £ 4, we have: 

m m 

= [w, x (g> 1] = /J [xj ® flj , a; C2> 1] = ^ [aij , a:] (8 Oj ■ 

3=1 3 = 1 

But this is only possible, if, for all j £ {1, . . . , to}, we have a 3 = or xj £ j(fi) = 0, thus v = 0. 

(d) We may consider £ C g by the embedding f^g, a; H> a; ® 1 and g becomes a t-module by 
restriction of the adjoint representation. By [Ne02], there are xi, . . . , x n , x 1 , . . . , x n £ { such 
that ad(xj) o ad(x l ) is an element in Cent(£) and, by [Hu72] on page 122, it is equal to 
A ■ 1 for some A £ C\ {0} and so we may assume, after normalizing: 

n 

^ ad(a,-i) o ad(a;') = 1. 

i=l 

If a £ A is an arbitrary element, then f a :~ ad(xj <S> a) o ad(af <§) a) is in Cent(g) and 

f a {x®b) = x®ab for all x £ 6 and b £ A. So Cent(g) = End B (g) is generated by endomorphisms 
of the type ad(x) <8> 1, where x £ fi, and those of the type f a , where a £ A. We obtain: 

Cent(g) = End B (g) End { (fi) ®A = K®A = A. 
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2. If g is an arbitary Lie algebra, then the subsets N(g), S(g) C Cent(g) are not necessarily closed under 
the addition in End(g): Let g be the abelian complex Lie algebra C 2 . Then Cent(g) = End(g) is, 
as associative algebra, isomorphic to il^^C). We can write 







= (° 






°) 




i 




i- 


-? 






and the two matrices on the right hand site are nilpotent, but the matrix on the left hand site is 
not. And we can write 

'0 2\ _ (0 1\ / 1 N 

v o o)-{i o) + \-i y 

and the two matrices on the right hand site are semisimplc, but the matrix on the left hand site is 
not. 

3. Let g and f) be Lie algebras. The quotient Lie algebra g/ [g,g] and the Lie subalgebra 3(f)) C [) are 
abelian and so the Lie algebra morphisms g/ [g,g] — > j(rj) are just the linear maps g/ [g,g] — > 3(f)). 
In particular, we have Hom(g/ [g,g] ,3(f))) = if and only if g is perfect or () is centerfree. 

There is a natural isomorphism between linear maps Xp : g/ [g, g] — 5- 3(g) and linear maps ip : g —> 3(g) 
with ad x oip = = <p o ad x for all Given we set ip(x) := Tp{x + [g, g]). Given <p, the map 

Tp is well-defined by Tp(x + [g,g]) := <p{x) because x + [g,g] = y + [g,g] implies the existence of 
01, b\, ... , a„, 6 n £ g such that x — y = ^i] an d thus 



i=i i=i 

We obtain: 



Hom(g/ [g, g] ,3(5)) = e Hom(g,3(g))| ad^ = = <p o ad. T for all iej} = J(g). 



4. Let g be a Lie algebra such that 3(g) C [g, g]. For all / G Cent(g), g e J(g), y G g we have: 

fg([x,y]) = f(0) = 
[fg(x),y} = f[g(x),y] = f(0) = 0. 
gf[x,y] =g[f(x),y] = 
[gf(x),y} = [g(f(x)),y] = 
g 2 {x) = g(g(x)) e 3(3(0)) c ,g([g,g]) = 0. 

Thus, in this case, J(g) is a two-sided ideal of Cent(g) with J(g) 2 = 0. 

Definition 2.20. A Lie algebra g is called decomposable if it is the direct sum of two proper ideals. If 
there is no such decomposition, g is called indecomposable. 

Remark 2.21. A simple Lie algebra is automatically indecomposable, since is its only proper ideal. If 
an indecomposable Lie algebra g is reductive, then it is one-dimensional and trivial or it is simple because 
= ^(fl) © [flifl] implies g = 3(g) or g = [g, g] and in the latter case a decomposition of the semisimplc 
Lie algebra [g,g] into simple Lie algebras may only have one summand. In general, indecomposable Lie 
algebras are not reductive, e.g. the Lie algebra g in Example 2.15. 

Lemma 2.22. Let g be a Lie algebra of finite dimension with abelian centroid, e.g. g is perfect or 
centerfree. Then there exists a decomposition g = (J)" =1 g^ into a direct sum of non-zero ideals Qi, where 
each Qi is an indecomposable Lie algebra and this decomposition is unique except for the order. 
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Proof. The existence of a decomposition into indecomposable non-zero ideals is proven by mathematical 
induction over the finite dimension of q. The only difficult part is the one of the uniqueness: Let 
= ©™=i fl» = ©j=i &j ^ c tw0 sucn decompositions with corresponding systems of orthogonal projections 
Pi,...,p n and qi,...,q m . The projections are in Cent(g), as we can show with the following easy 
calculation: 

Pi([z,y]) =Pi([xi,yi] + [x',y']) = [xi,yi] = [x l + x',y l ] = [x,Pi(y)] , 

where z = z% + z' is the decompositions of an element z G q into Qi and its complement with respect 
to the decomposition (J)™ =1 Qi- Since Cent(g) is abelian, we have pi o q>j = <j>j o p t for i G {1, . . . , n} and 
j G {1, . . . , m}. Now fix an i. Then pi induces a projection t)j — > \)j for each j G { 1 , . . . , m} and so, by 
the indecomposability of the t)j , we obtain pi = on f)j or pj = 1 on t}j . But from this we deduce that 
Qi = im(pi) is the direct sum of some t)/s. We conclude, by the indecomposability of Qi, that there is 
exactly one j G {1, . . . , m} such that jjj = fjj. □ 

The following theorem is due to Medina and Rcvoy, cf. [McRe93] , and gives us information about the 
centroids of Lie algebras which are not necessarily perfect or centerfree. 

Theorem 2.23. Let Q be a Lie algebra of finite dimension such that 3(g) C [q,q]. 

1. There are indecomposable idempotents p\,...,p n G Cent(g) which are pairwise orthogonal, i.e. 
Pi a Pj = SijPi for i, j G {1, . . . , n}, satisfying Yn=i Pi^ 1 - 

2. Setting Qi :— Pi(q) for i G {1, . . . ,n} we have a decomposition q = ©, =1 Qi into indecomposable 
non-zero ideals. 

3. Each Cent(rji) is isomorphic to pi o Cent(g) op i: its quotient Cent(g.;)/ J(0i) modulo the maximal 
nilpotent ideal J(fli) is a field. 

4. Setting Cij := pi o Cent(g) opj for i, j G {1, . . . , n) we have the decomposition Cent(g) = ©™,- =1 Cij 
into ideals, each Cij is a Cent (Qi) -Cent (Qj)-bimodule and, if i ^ j € {1, . . . ,n}, then the vector 
space Hom(0j/ [fljiflj] )3(fli)) is isomorphic to dj. Furthermore, J(g) = 0" =1 J(0i) © 0^ J= i Cij 
is also a decomposition into ideals. 

We also need the following result, Propsition 22.1 of [LaOl], to show a more general proposition about 
the uniqueness of the decomposition of a finite-dimensional Lie algebra into indecomposable non-zero 
ideals. 

Theorem 2.24. Let R be a ring with unity element 1. Suppose there exists a decomposition of 1 G R 
into a sum of indecomposable idempotents, say 1 = c± + . . . + c r , such that CiCj = SijCi and Ci G Z(R) for 
all i,j G {1, . . . , n}. Then the decomposition is unique except for the order. 

Proposition 2.25. Let q be a finite- dimensional Lie algebra such that 3(g) G [q,q] with a decomposition 
into indecomposable non-zero ideals ®" =1 Qi such that Hom(g;/ [Qi, Qi] , = if i ^= j G {1, . . . , r}, 

e.g. q is reductive and dim^g) < 1. Then this decomposition is unique except for the order. 

Proof. By Theorem 2.23, we have R := Cent(g) = Cent(fii), J(g) = 0™ =1 J(fli) and the quotient 

Cent(g)/ J(g) = ©™ =1 Cent(fji)/ J(fji) is commutative. Now suppose there are two decompositions of 
q into indecomposable non-zero ideals, say q = (J)" =1 Qi = (Bjli bj with corresponding systems of 
orthogonal projections p\, . . .p n and qi, . . . , q m . Let / G Cent(g) and f = fi + ■ ■ . + f n its decomposition 
into elements of the Cent(fji) G Ccnt(g). Then, for fixed i G {1, . . . , n}, we have 

n n 

Pi ° f = ^Pt° fk=pi° fi = fi = fi °pi = *^2fk° Pi = / o Pi- 

k=l fc=l 

So the pi are in Z(R) and, by a dual argument, all the qj are so. By Theorem 2.24, this implies 
{pi,...,p n } = {qi,...,q m }, thus {qi,-.-,Q„} = {f)i, • • • , rj m }. □ 
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Remark 2.26. In general, the decomposition of a finite-dimensional Lie algebra q into indecomposable 
non-zero ideals is not unique and the requirements of the preceding proposition are sharp: Let = 0i ©02 
be a decomposition into indecomposable non-zero ideals with corresponding indecomposable projections 
Pi, p 2 and Hom(0i/ [0i,0i] ,3(02)) ^ 0. If ^ cp : g -> is a morphism mapping 0i to 3(02) and the 
spaces [01, 0i] and 02 to 0, then p[ := (1 + <p) o p 1 o (1 + ip)^ 1 = p 1 + ip is also an indecomposable 
idempotent of Cent(0). Thus = imp^ + im(l — p[) is another decomposition of into indecomposable 
non-zero ideals. 

Remark 2.27. If 0i,...,0„ are the unique indecomposable non-zero ideals of a Lie algebra and 
/ G Aut(0) is a Lie algebra automorpism, then of course Qi,.--,Q n are the unique indecomposable non- 
zero ideals of f(g) and thus there is a permutation a G S n such that /(0i) = Q a (i) f° r all * £ {1, . . . , n}. 

Lemma 2.28. Let q be a Lie algebra of finite dimension. 

1. LfK = C, then q is indecomposable if and only if S({j) = C • 1. 

2. If K = R, then g is indecomposable if and only if either S(q) = R ■ 1 or S(q) = R • 1 + R • J for 
a complex structure J on q, i.e J 2 = — 1. In the second case, J and — J are the only complex 
structures on g compatible with the Lie bracket. 

Proof. 

1. For any / G Ccnt(j|) the eigenspaccs of / are ideals of 0: If y ^ is an eigenvector of / for the 
eigenvalue A and x G then / [x, y] = [x, fy] = [x, Xy] = X [x, y], i.e. [x, y] is also an eigenvector of / 
for the eigenvalue A. If K = C, then the semisimple endomorphisms in Ccnt(0) are exactly the diag- 
onalizable endomorphisms in Cent(0). Thus is indecomposable if and only if each endomorphism 
in S(fl) has exactly one eigenvalue if and only if S(g) = C • 1. 

2. If K = R and is decomposable into the direct sum of non-trivial ideals 0i and 02 with corresponding 
orthogonal projections p\ andp2, thenpip2 = although p\ ^ ^ P2, thus Ccnt(g) has zero-divisors 
and is neither isomorphic as associative R- algebras to R nor to C. 

If IK = R and is indecomposable, then any endomorphism in S(fl) admits exactly one real eigenvalue 
or exactly two non-real, complex conjugate eigenvalues. If every endomorphism in S(0) admits 
exactly one real eigenvalue, then S(g) = R • 1. In the other case, if any / s S(g) admits the non-real 
complex eigenvalues a + ib and a — ib, then J := ^(/ — al) G S(g) is a complex structure of 
because of the following calculation for the eigenvector x G for the eigenvalue a ± ib: 

J\x) = (!(/ - al) 2 )^) = l(/ 2 (x) - 2af(x) + a 2 x) 

= ^-((a±ib) 2 x -2a(a±ib)x + a 2 x) = -Ua 2 ± 2iab - b 2 - 2a 2 =p 2iab + a 2 )(x) 
b l b 2 

= —x. 

The space of semisimple endomorphims in Cent(g) in this case is the space of real linear combination 
of 1 and J, thus isomorphic to C as associative algebras over R. Since the complex conjugation is the 
only R-linear algebra automorphism on C different from the identity, the only complex structures 
on S(fl) are J and — J. 

□ 

2.2 Fiber bundles 

The definitions of various bundles in this subsection are based on [tD91], [Hu75] and [BiCrOl]. Our notion 
"bundle" is what sometimes is called "fiber bundle" , i.e. the fibers of a bundle are all "of the same type" . 
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Definition 2.29. 



1. Let E,M,F be manifolds such that there is surjective submersion tt : E — > M and each fiber 
E x :— 7r _1 (x) for x £ M is diffcomorphic to F. If there is an open cover il = (Uj) ieI of M 
and a family of smooth maps $ = (tfi) ieI , each ipi : 7r _1 (J7i) — > F inducing a diffcomorphism 
(tt, (pi) : 7r~ 1 ([/i) Ui x F (local triviality), then the sextuple (E, M, tt, F, it, $) is called a bundle 
with bundle space E over the frase space M with projection tt, fiber F and bundle atlas (11,$). A 
pair (Ui,tfi) is called bundle chart. As a shorter formulation we will say "7r : E — > M is a bundle 
with fiber E" without explicit mention of the bundle atlas. 

2. A bundle tt' : £' -> M' is a subbundle of a bundle tt : E —> M provided E' C E and M' C A/ and 
7r'(x) = 7r(x) for all a; G £". 

Remark 2.30. Since we only consider paracompact manifolds as base spaces, we may always assume 
that the bundle atlas of a bundle and a corresponding 6 atlas of the base spaces are locally finite. 

For each bundle there is a class of interesting functions, the so-called sections. 

Definition 2.31. Let tt : E -t M be a bundle and k £ N. A C fc -map 

X : M — > E 

x i — > X(x) = X x 

is called C k -section of the bundle, if ir o X — idj;/- The set of all C fc -sections of the bundle tt : E — > M is 
denoted by T k (E) and we also write T(E) instead of T°°(E). 

We now give a first definition of a vector bundle. 

Definition 2.32. Let V be a finite-dimensional vector space and tt : E — > M a bundle with fiber V 
with a vector space structure on each fiber E x for x £ M, isomorphic to V by (Vi)i E : -Ex — ^ ^ f° r each 
i £ I. Then the sextuple (E, M, tt, V, U, $) is called a vector bundle. As a shorter formulation we will say 
"7r : i? — > M is a vector bundle with fiber V" . 

Definition 2.33. Let TTi : Ei — > N be a vector bundle with fiber Vi for i = 1,2. 

1. A vector bundle morphism from 7Ti : i?i — > AT to 7T2 : E% — > N is a map n : E\ — > Ei such that the 
following diagram 



commutes and k : {E\) x — > {E2)x is a vector space morphism for all x £ N . The space of vector 
bundle morphisms from tt\ : E\ — > N to TT2 : E% — > A is denoted by Hom(i?i, £'2). A vector 
bundle morphism from tt\ : E\ — > N to tt\ : E\ — >• N is also called vector bundle endomorphism of 
TTi : Si -)• A. 

2. A vector bundle morphism is called vector bundle map, if fibers are bijectively mapped on each 
other and, thus, the fibers are isomorphic vector spaces. 

3. A vector bundle morphism k is a vector bundle isomorphism, if there exists a vector bundle mor- 
phism 1 £ Hom(£ , 2, Ei), such that k is inverse to 1. In this case the vector bundles tti : Ei — > N 
and TT2 : £2 — > N are called isomorphic. Note that vector bundle isomorphisms are vector bundle 
maps. 

6 The cover of the base space is the same. 



Ei 



E-2 




N 
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A second definition of a vector bundle needs the definition of a principal bundle and a bundle associated 
to a principal bundle. 



Definition 2.34. Let G be a Lie group and it : P 
the canonical projection of a smooth right action 



M a bundle with fiber G such that 7r is identic to 



R: PxG — > P 

( P ,g)^P-g = R g (p) = R p (g). 

If the following diagram commutes for alH G I, g G G 



G ■ 



G, 



then the septuple (P, M, 7r, G, P,il, $) is called a principal bundle with structure group G and bundle 
action R. As a shorter formulation we will say "7r : P — > M is a G-principal bundle" without explicit 
mention of the bundle action. 

Remark 2.35. Let it : P — > M be a G-principal bundle. 

1. G acts freely on P by P, i.e. p • g = p for some p £ P, g £ G implies g = 1. To see this, let p • g = p 
for some p £ P, g £ G and let ([/, be a bundle chart in x := 7r(p). We calculate: 



(p(p) = • g) = ip{p)g 



1 = 9- 



It is easy to show now that R acts simply transitively on its orbits, i.e. for all p G P the map 
R p : G — > P is injective. 

2. The condition that the surjective submersion 7r : P — > M is identic to the canonical projection 
tt r : P — > P/G of the action i? can be weakened in the following sense: If they both arc surjective 
submersions, then M and P/G are already diffcomorphic. To show this, let h be a map P/G — >• M 
such that the following diagram commutes: 




P/G 

The map /i is smooth because ir R is a submersion and h is surjective because ir is. It is even bijective 
because h (tt r (p)) = h (Tr R (q)) implies ir(p) = ir(q) and there exists a bundle chart (U,(p) and an 
clement g G G such that (7r(p), <^(p)) = {'n{q) 1 ip{q) ■ g) = { / n{q) ) ip{q ■ g)) yielding p — q ■ g, thus 
tt r (p) = ir R (q). Furthermore, for any x G M there is an open neighbourhood U C M such that 
there exists a section X : U —> 7r _1 (C/). Then hr 1 maps y G J7 on ir R (X(y)) G P/G and is smooth. 
So ft, is a diffeomorphism P/G — >• M. 

If 7r : P — > M is a G-principal bundle and F is a manifold on which G acts from the left, then we can 
construct a new bundle with fiber F by replacing the structure group G by P. 



Definition 2.36. Let tt : P 



M be a G-principal bundle and P a manifold with a left action 
L:G x P — > P 

(.9,/)^5'/ = i 9 (/)=i / (.9)- 
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By defining a left action as follows 



L' : G x (P x F) — > P x F 

(9ApJ))^9-(pJ) ■■ (/>•</ : •</•/)• 

and considering the orbit space B := (P x F)/G, we obtain a bundle tt' : B — > M with fiber F, called 
the bundle associated to the G-principal bundle tt : P — > M with fiber F. 7 Let us examine its structure: 
The bundle projection is 

tt' : B — y M 
l(pj)} := G ■ (p, f) i — > n(p) 

and this is well-defined because tt(p) = tt(p ■ g~ r ) for all p £ P, g £ G. The bundle atlas (Ui, ifii)i£i of the 
G-principal bundle tt : P — >■ M induces a bundle atlas (Ui, <p'i)iei of tt' : B — > M by 

ri-.n'^m^F 

[(p,/)]^Vi(p)-/ 

and this is well-defined because [(p, /)] = [(q, e)] yields the existence of g £ G such that p ■ g^ 1 = q and 
g-f = e and then <pi(q) ■ e = ip l {p- g' 1 ) ■ g ■ f = ipi(p) ■ 1 • g ■ f = ipi (p) ■ f. Finally, each fiber B x = tt'^ 1 (x) 
for x £ M is diffeomorphic to F: 

*'-\x) = { [(p, /)] £ (P x F)/G\ n(p) =x} = { [(p, /)] £ (P x F)/G\p£ P x ] = (P x x F)/G = F 

Now we can define a vector bundle as being a bundle associated to a principal bundle. 

Definition 2.37. Given a finite-dimensional vector space V and a Lie subgroup G of GL(V) acting on 
V 8 and a G-principal bundle tt : P — > M, the bundle tt' : B — > M associated to the G-principal bundle 
7r : P — > M with fiber V is called a vector bundle. 

Remark 2.38. 1. A vector bundle tt' : B — > M in the sense of Definition 2.37 allows a vector space 
structure on each fiber B x for x £ M, defined by the condition that all restrictions {<p'i)\ B ■ B x —> V 
are vector space isomorphisms and this is well-defined because 

(ip'^l (A^(G • (p,v)) + ip[{G • (q,w))) = (cp^l (Avj,(p)(«) + <Pi(q)(v>)) 

= (^)' B 1 J^(p)(Xv + w)) 
= (^ B 1 J^(G-(p,Xv + w))) 
— G ■ (p, Xv + w) 

does not depend on the choice of the bundle chart (C/j,<^), where x £ Ui, X £ K, G ■ (p,v), 
G ■ (q, w) £ B x . Therefore every vector bundle in the sense of Definition 2.37 is a vector bundle in 
the sense of Definition 2.32. 

2. On the other hand, let tt : E — >• M be a vector bundle with fiber V in the sense of Definition 2.32. 
By setting 

P:= |J 1bo{V,E x ), 

7 In this formulation we neglect the dependence of the bundle structure on the actions R and L. 

8 This condition may be replaced by the existence of an smooth group morphism S : G — > GUV) (a so-called Lie group 
representation) and G acting on V as follows: g.v := B,(g)(v). 
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we obtain a surjcctivc submersion p : P — > M by setting /?(/) := x if / G Iso (V, i^), where the 
smooth structure on P is induced by the bundle atlas (Ui,ipi)a=i of the bundle tt : E — > M by 
declaring each map 

p- 1 (Ui) ^UiX GL(V) 

f ' — ► (x, (tfii), o f) 
V |e p(/) / 

to be a diffcomorphism. We obtain a GL(V)-principal bundle p : P — s> M with bundle action 

P x GL(V) — > P 

(/,T)^/oT 

and we define p' : B = (P x V)/ GL(V) — > M to be the bundle associated to this principal bundle 
with fiber V. It is isomorphic to the vector bundle 7T : E — > M via 

K : B — > E 
GL(V) •(/,«) ■—>■/(«). 

We will see that, under certain conditions, the structure group may be reduced to a closed subgroup 
G of GL(V). 

Definition 2.39. Let tt' : B — > M be a vector bundle with fiber V associated to the G-principal bundle 
tt : P — > M with bundle atlas (£/,, <,2-)i e j and (f/j, ¥>i)ieij respectively. We also define an index set as 
follows: I := { (i, j) G J X 7| {/, n f/j 7^ 0}. For e I and 3; £ C/jH E/j- we define an element gji(x) E G 
by 

(tt, o (tt, : n Uj) x G — >■ ((7, n 17 3 -) x G 

(x,g) 1 — >■ (x,gji(x)g) . 

Note that, if G < GZ(V) or G is injectively representated in GL(V), this element can also be defined by 

(tt 1 , o (tt', : (Ui n (7,) x V — ► n 17,) x V 

(x,v) 1 — >■ (x, gji(x)(v)) . 

We obtain smooth functions gji : UiHUj — > G for (i, 7) £ I, called transition maps. The family {gji)(i,j)ei 
is called cocyle relative to the bundle atlas (C/ 2 ;, ipi)i & j. As a shorter formulation we will say 'V : 7? — > M 
is a vector bundle with fiber V and cocycle (3ji)(i,j')ei-" We have: 

fti^) • to (») • S/yO) = 1 for all x G E7i n E/ 3 - n 14 . (1) 

Given another bundle atlas (Ui,i>i)i£i (the cover il is the same!) and the cocyle (fcji)(i,i)ei relative to 
this bundle atlas, we define smooth mappings hi : f7, — > G for i G 7 by 

(tt, o (tt, i^j)" 1 :[/,xG — >U t x G 

(x,g) 1 — >■ (x,hi(x)g) . 

The two cocyles are then linked by the formula 

kji(x) = hj(x) ■ gji(x) ■ hi(x)~ 1 for all x G J7, n (2) 

Cech cohomology deals with abstract cocyles fulfilling the conditions (1) and (2) and the equivalence 
classes of cohomological cocyles. We will see details in Subsection 2.6. 
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Remark 2.40. If G < GL(V) is a closed subgroup (and hence a Lie subgroup) containing the images of 
the transition maps of a vector bundle tt : E — > M, then one can show (cf. Theorem 1.6.4.1 of [Hu75]) 
that 7r : E — > M is isomorphic to the bundle associated to a G-principal bundle with base space M and 
fiber V. 

Another equivalent way to define vector bundles is given by Proposition 1.5.5.1 of [Hu75]. 

Proposition 2.41. Let V be a finite- dimensional vector space, G a closed subgroup of GL(V), M a 
manifold, (Ui)i^i an open cover of M and gji : Ui D Uj — > G for (i,j) El a familiy of maps meeting the 
condition (1), where X { G / x I\Ui D Uj ^= 0}. Then there is a vector bundle tt : E — » M with 
fiber V, bundle atlas (Ui,(pi)i^i and cocyle (9ji)u,j)ei an d * s unique up to isomorphism. 

Knowing different ways to define and construct vector bundles, it is now time to give some important 
examples of vector bundles. 

Example 2.42. 

1. Let V be a finite-dimensional vector space and M a manifold. Then, by setting E := M x V, we 
obtain a vector bundle tt : E — > M, (m, v) t— > m with fiber V, called the trivial vector bundle with 
base space M and fiber V. 

2. Let M be a m-dimensional smooth manifold. Then the tangent bundle TM is the disjoint union 
of tangent spaces [J xeM T x M provided with a topology and a smooth structure like in [Ne05], 
Definition II.1.8. If tt : TM ->■ M, n(T x M) = {x} is the natural projection, then tt : TM -> M is 
a vector bundle with fiber M. m . The set of smooth sections of this bundle is denoted by V(M) or 
T(TM) and these sections are called vector fields. 

3. Let 7r^ : Et — > M be a vector bundle with fiber V(, bundle atlas (t/i,y|)igj and cocyle ((^(i^gx 
for £ = 1,2. Theorem 2.41 yields the existence of the vector bundle LI : Hom(Bi, JSg) — > M with 
fiber Hom(yi,\^), bundle atlas (?/»,$»)»£/ and cocyle {Gji)uj\^x^ where we define the mappings 
G jt : Ut n Uj -> GL(Hom(Fi, F 2 )) by 

Gji{x)(f) -glWofog)^)- 1 

for / e Hom(Vi, V 2 ), 1 £ (7, fl and (i, j) £ X. 

In order to discuss sections of bundles locally, we introduce the following notation. 

Definition 2.43. Let (U, ip) be a bundle chart of a vector bundle tt : E — > M with fiber V. The local 
form of a section X e L fc (7r _1 ([/)), where fc £ N, is X v G C k (U, V), defined by claiming the following 
diagram to be commutative: 



If N is a set and rj : L fe (7r 1 (C/)) — > N is a map, then the corresponding local form of 77 is denoted by 
rf : C k (U,V) -> iV. 

A very useful type of cover of the base space of a bundle is the so-called Palais cover. 
Definition 2.44. If tt : E — > M is a bundle, then ({Vi, ipi, £j, Pi)j G j , (Jt)t=i) is called Palais cover, if 

(a) (Vi)i£j is a locally finite cover of M, 

(b) (Vi, is a bundle atlas of E, 



■K~\U) 



C/ x V" 
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(c) (Vi,£i)i£j is an atlas of M, 

(d) (pi : M —> [0, l])ieJ is a partition of unity such that supp(pi) is a compact subset of Vi for all i £ J, 

(e) { Ji, . . . , J r } is a partition of J such that i, j £ Jt and Vi P\Vj ^ already implies i = j for all 
' ' {1 ' }• 

If the base space of a bundle is paracompact, then there is always a Palais cover. 
Theorem 2.45. ^4 bundle with paracompact base space possesses a Palais cover. 

Proof. Since M is paracompact, there is surely {V 3 ■, tpj ■, £j ■, Pj)j e j fulfilling the conditions (a)-(d). By 
Theorem I in Chapter 1.2 of [GrHaVa72], there is a finite set S and a refinement (V s fc)ses.fceN of (Vj)j^j, 
such that for each s £ S we have V s k H Vs£ = if k ^ I £ N. By restriction of the ^ , £j and p.,- we obtain 

induced mappings i< skl £ s k,Psk and a Palais cover ({V s k, ipsk, €sk, Psk) seS ,km ' ({ s0 ' sl > s2 ' • ' •})«€£?) ■ □ 

The following lemma will be very useful in some future proofs. 

Lemma 2.46. If we have a vector bundle 7r : E — > M with fiber V, a section A £ T(E), a point 
x £ M and an integer s £ N such that j^(A) = 0, then there is an integer r £ N and there are sections 
Ai,...,A r £ T(E) and functions oi,...,a r £ C°°(M, R) with a\(x) = ... = a r (x) = such that 

A = 5>f +1 A. (3) 

i=l 

Proof. Let n be the vector space dimension of V and m the dimension of M . The lemma will be proven 
in two steps. 

1. We consider the case of M being a convex open neigbourhood U C R m of a; = and E = U x K" 
and A £ C°°({7, K") with compact support F C U. Then, by the Taylor Formula, there is a family 
of functions A a £ C°° (U, K n ), a £ N Tn , |a| = s + 1, such that 

' — ' a\ 

|a|=«+l 

for all y E U. Let C U be an open set with FCf and p : U — > [0, 1] be a smooth function 
with compact support such that p\ w = 1. Then we have 

= p(y) s+2 • ^GO - E (K2/)yi) Q1 ---(p(y)y™) Qm -^-p(2/)-^(y) (4) 

\a\— s+1 

for all y € U. By the Multinomial Theorem, we have 




for fx, . . . , t m £ R and, by the inversion formula presented in [MoHcRaCo94] , there are, for a £ N m , 
scalars A,j = A,j (a) £ R and p 3 = /ij (a) £ R, where i £ {1, . . . , m} and j £ {1, ... ,p} for an integer 
p = p{a) £ N, such that 

p 

*l 1 ' ' ' C" = E ^' ('W 1 + • • • + Knjtm)" . 
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Equation (4) then turns into: 

p(c 

My) = X) X) I Xl oP(y)y^ + ■■■ + K l jp{y)y m I • ■ p(y) ■ A a (y) 



. s+l 

p(a) 



-a a (y) 



= :A a (y) 



M=s+1 j=l 

= a a ( y y +1 ■ A a (y). 

\a\=s+l 

Since A a is of compact support and a a (Q) = for all a G N m with |a| = s + 1, we have shown (3) 
for this local case. 

2. For the general case, we take an x-ncigbourhood U C M, a bundle chart (U,(p), a chart (U, £) of 
M such that £(x) — and is convex and a smooth function p : M — > [0, 1] such that supp(p) 
is a compact subset of U and p\w = 1 for an x- neighbourhood W U. By the argument in the 
first step, we my write 

r 

for smooth functions A 1 ,...A r G C°°(€(U),V) and a x , . . . ,a r G C°°(£(L/),R) with ai(x) = . . . = 
o r (x) = 0. For i G {1, . . . r}, we define A l G r(£?) by := p ■ A' t , where {A'^iy) := A 4 (£(y)) for 
all y G f and we define (Zj G C°°(M, R) with a\(x) = . . . = a r (x) = by etj := p • (a, o£). This 
yields A = £[=i a 4 s+1 A on M. 

□ 

2.3 Bundles of Lie algebras and the Lie algebra of sections 

Now we are ready to define a central objects of this diploma thesis: Bundles of Lie algebras and the 
corresponding Lie algebra of C fe -sections. The definitions of this subsection are taken from [Le80]. 

Definition 2.47. Let £ be a Lie algebra and M a manifold. A bundle of Lie algebras tt : L — > M with 
fiber Ms a vector bundle tt : L — > M with fiber { which has an Aut(£)-valued cocyle (gji)u,j)ei- 

We now define additional structure on a bundle of Lie algebras and on the corresponding space of 
C fe -scctions. 

Definition 2.48. Let tt : L — > M be a bundle of Lie algebras with fiber i and k G N. 

1. We justify the name "bundle of Lie algebras" by defining a Lie bracket on each fiber h x for x G M 
by a bundle chart (Ui, ipi) in x and the Lie bracket [■, ■] on t (cf. Example 2.5.2): 

[•,•] : h x x L T — > h x 

(v,w) i — > [v,w} Vi = (tPi)^ [(Pi(v),ifi(w)} . 

In order to see that this is well-defined, we make use of the fact that all maps gij(x) for G T 
are isomorphisms of Lie algebras: 

\pM Vi = (Vi)^ i ( Pj('"), ( Pj{w)} = ifi)^ {9ij(x) [tPj(v),<pj(w)]) 
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2. With the help of the Lie algebra structure on each fiber of L, we pointwiscly define a Lie bracket 
on the vector space F fe (L) by 

[X, Y] (x) := [X(x), Y{x)] for X, Y G L fc (L), x G M. 

3. F fe (L) turns out into a topological Lie algebra by embedding it into the space C fe (M, L) equipped 
with the C fc -compact-open topology, i.e. embed it into the topological product Yii=o C {T l M, T l h) 
byli-> (T l X) k _ , where each C (T % M, T*L) is equipped with the compact-open topology. 

Definition 2.49. The Lie algebra r fe (L) is called Lie algebra of C k -sections. In the case of k = oo we 
call F°°(L) = F(L) also Lie algebra of smooth sections. 

Remark 2.50. 

1. In the case of M := {0} we have L = {0} x { = f and r fc (L) = C fc ({0} , {0} x t) = t So the 
finite-dimensional Lie algebras are special Lie algebras of C fc -sections. 

2. The Lie algebra T k (L) is a Lie algebra of order zero in the following sense: For sections X, Y G T k (L) 
and x G M, the expression [X, Y] (x) depends on X, Y only via their "zeroth order parts" , namely 
X(x), Y(x). The Lie algebra of smooth vector fields V(M) = F(TM) is a Lie algebra of order 1. 

There is a useful lemma about Lie algebras of C fe -sections, which we want to prove right now. 

Lemma 2.51. Let tt : L — > M be a bundle of Lie algebras with fiber f and k G N. Then for all x £ M 
the evaluation map 

eva; : F fe (L) — > h x 
X i — > X x 

is a surjective morphism of Lie algebras. 

Proof. The function ev^ is clearly linear. It is also compatible with the Lie bracket: 

ev, [X,Y] = [X,Y] X = [X X ,Y X ] = [ev 1B (A:),ev 1B (l r )] . 

For the proof of the surjectivity, choose an arbitrary u G L x , a bundle chart {U,tp) such that x G U 
and let p : U — > R be a smooth map with compact support contained in U and p(x) = 1. We define 
X G T(L) C T k {V) via 

^Ihl (P(y) • tor yeU. 

for y G M\U. 



Xy 



Then ev x (X) = X x = u. □ 

Remark 2.52. Let ir : L —> M be a bundle of Lie algebras with fiber t and (U, ip) a bundle chart of L and 
(U, £) a corresponding chart of M. Any directional derivative for i G {1, . . . , dim(M)} is a derivation 
of the poinwise Lie algebra structure on C°°(C/,6), the local forms of the sections in T (ii~ 1 (U)'). This 
follows from the Chain rule, the fact that any bilinear map f3 : V x V — > V for dim(T^) < oo is smooth 
and the rule T^ a y^f3{v, w) = f3(v, b) + /3(a, w). Thus we have the equation: 

% [A V ,B V ] = [d (i A v ,B v } + 

for all A,B eT (tt" 1 ([/)). 

There are certain bundles associated to a bundle of Lie algebras which will help us to analyze the 
structure of a Lie algebra of C fc -sections. 
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Definition 2.53. Let 7T : L — > M be a bundle of Lie algebras with fiber i associated to an Aut(£)-principal 
bundle p : P -4 M. 

1. Let 7 < J be a characteristic ideal of 4, i.e. an ideal which is Aut(£)-stable. We define ro : L[7] — > A/ 
to be the bundle associated to p : P — »• M with fiber 7. It can be identified with a subbundle of 
7r : L — > M as follows: A typical element of L[7] x C L[7] takes the form 

:= {(^/- 1 ! /(i)):/GAut(«)} 

for a Lie algebra isomorphism t/j : I — >• and an element i £ I. The element ^(i) 6 Lj is clearly 
well-defined and so we may embed L[7] into L. In the cases of 7 being [4, 6] and 3 (6) 9 we also write 
[L,L] instead of L[[t, t]], called the commutator of L and j(L) instead of L[3(t)], called the center 
of L. Note that [L,li\ x = [L^IU] and 3(1.).,. = j(L x ) via [(V>,«)] h> for i e and i G 3(1), 
respectively. 

2. Let J C End(t) be a subalgebra which is invariant under the left action 

Aut(l) x End(«) — > End(fi) 

(/.Sl^/ojof 1 . 

We define vo : L(J) — > M to be the bundle associated to p : P — » M with fiber J. It can be 
identified with a subbundle of II : Hom(L,L) — > A7 as follows: A typical element of L(J) X C L(J) 
takes the form 

[(</>, j)] := Aut(«) • (V,J) - {(r'./iT 1 ) = / 6 Aut(e)} 

for a Lie algebra isomorphism ^ : t — > L x and an endomorphism j : { 4 {, j £ J, The map 
ip o j o ip^ 1 : L T — > L T is clearly well-defined and, by applying this construction to all classes 
[(V'jj)] for i> £ Iso(t, lUc), where x runs through M and j £ J is fixed, we obatin an element of 
Hom(L, L). In the cases of J being Dcr(t) and Ccnt(t) 10 we also write Der (L) instead of L(Dcr(t)) 
and Cent(L) instead of L(Cent(t)). Note that Dei^L)^ = Der(L x ) and Cent(L)a; = Cent(L z: ) via 
[(V'ji)] ^i/iojo for j £ Der(6) and j £ Cent(t), respectively. 

2.4 Lie connections 

We briefly repeat the definition of a covariant derivative and define the Lie connection corresponding to 
a fixed bundle of Lie algebras. 

Definition 2.54. Let ir : E — » M be a vector bundle with fiber V. A covariant derivative or connection 
of E is a linear map 

V : Y{TM) — ► End(r(75)) 
A i — ► Vx 

satisfying the following conditions: 

9 These ideals are characteristic: 

(a) i = £\ [ Xj , yj ] =>• m = [/^./%] for all / £ Aut(t), i 6 [t,t], x jtVi £ t. 

(b) [/ -x a:,t] = ==> / [/ -1 x,i] = =^ [«,/(»)] = for all / £ Aut(t), t 6 j(t), i£t. 

10 These algebras are Aut({)-invariant: 

(a) fgf- 1 [x,y] = fg([f~ 1 x,f- 1 v]) = /([gf^xj^y] + [f^x, gf^y]) = [fgf-^y] + [xjgf^y] 
for all / £ Aut(t), g £ Der(t), x, y £ t 

(b) (/9/- 1 o adjfe) = fgf-ifay] = fg^x, f-*y]) = (fg o sd^Jif^y) = (/ o adj-ijigf^y) = 
f [f-^gf^y] = [x,fgf- 1 y] = (ad, o/g/- 1 )(y) for all / £ Aut(t), g £ Ccnt(t), x, y £ £. 
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(a) V x (aA) = {X.a)A + a\7 x A for all X g F(TM), a g C°°(M,K),A g r(£). 

(b) V (aX+6y) A = aVxA + 6Vy4 for all X, Y g r(TM),a,6g C°°(M, K), A g r(J5). 

Remark 2.55. Given a point x g M, a vector field X g T(TM) and sections A,Bd T(E) it is, by using 
property (b) of Definition 2.54, easy to see that x A)B)(x) depends on X only via X x : 

Firstly we show that ((VxA)B)(x) depends on X at most via Xijj, where U C M is any open 
neighbourhood of x. In fact, if p : M —> [0, 1] is a smooth map with p\m\u = an( i P|w = 1 f° r a smaller 
^-neighbourhood W C U, then (X — X'W = implies 



(V x Y)(x) - (Vx>Y)(x) = (V X -x>Y)(x) = p(x) ■ (V X -x>Y)(x) = (V p . {x -x>)Y){x) = (V Y)(x) = 0. 



Thus we can now reduce the problem to a problem in a chart ({/,£): Let X, X' be two vector fields 
identical in x and p : M — s- [0, 1] as above. We can write X — X' = YliLi ^fyi f° r certain functions 
Z 1 ,... Z m G C°°(U, K). We note that Z l {x) = for all i and conclude by calculating: 



Locally, a covariant derivative ist given by the so-called Christoffel symbols. 

Definition 2.56. Let (U, <p) be a bundle chart of the vector bundle 7r : E — > M with fiber V and (U, £) 
a corresponding chart of M and let V be a covariant derivative of E. Then there arc unique mappings 
Tf g C°°(U, End(V)) for i g {1, . . . , dim(M)} such that 



for all sections A and all vector fields X with local form YliLi The maps Tf are called Christoffel 

symbols of V with respect to (U,<p). 

For a given bundle of Lie algebras we now define a Lie connection. 

Definition 2.57. Let ir : L —> M be a bundle of Lie algebras with fiber £ and V a covariant derivative 
of L. We call V a Lie connection if for all vector fields X g T(TM) and for all sections A,BG T(L) we 
have 

V x [A, B] = [V X A, B] + [A, V X B] , 

i.e. V is a map T(TM) -> Der(r(L)). 

Whether a covariant derivative of a given bundle of Lie algebras is a Lie connection, can be decided 
by examining its Christoffel symbols. 

Lemma 2.58. Let ir : L — > M be a bundle of Lie algebras with fiber t and V a covariant derivative o/L. 
Then V is a Lie connection if and only if for all bundle charts (U,tp) o/L and all corresponding charts 
(U,£) of M the Christoffel symbols are m in C OQ (Z7,Der(B)). 

Proof. The covariant derivative V is a Lie connection if and only if for all bundle charts (U, ip) of L, all 
corresponding charts (U,£) of M, all sections A, B g T (7r _1 (£/)) and any integer i g {1, . . . , dim(M)} 
we have 



(V x Y)(x) - (V X 'Y)(x) = (W p<x . X ')Y)(x) = (^ p .(^ 1 z*g u ) Y ) ( x ) 




dim(A/) 



{V X A) V = xi ( d & AV + T t ■ A<P ) 



% [A v , B v ] + Tf [A*, B v ] = [d^A* + Tf (A v ) , B v ] + [A^,d^B v + Tf (B^)] . 



(5) 
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Due to Remark 2.52 we have 



% [A v , B^} = [% Af, B v ] + [A v , d^B 1 "] . 

So the equation (5) turns into 

Tf(x) [A<r(x),B*(x)] = \T?(x) (A* (x)) , B* (x)) + {A*(x),Tf(x) (B*{x))] 

for all x- G U. But the last equation is, due to Lemma 2.51, equivalent to Tf G G°°(U, Der(t)). □ 

Finally we want to show the existence of Lie connections. 

Proposition 2.59. Let ir : L — > AI be a bundle of Lie algebras with fiber t. Then there exists a covariant 
derivative V of L. 

Proof. Let ir : L — > M be a bundle of Lie algebras with fiber 6 and (Uj,ipj)j^j a locally finite bundle 
atlas of L with corresponding atlas (Uj,£j)j£j of M. For each j G J we define a covariant derivative \7 Uj 
on ■K~ 1 (Uj) by: 

dim(M) 

i=i 

for A G r (TC7) and A G T(n (Uj)). This covariant derivative is a Lie connection (cf. Lemma 
2.58). After choosing a smooth partition (pj : M — > [0, !])_,£/ °f 1 subordinated to the cover (Uj)j^j, i.e. 
supp(pj) is a compact subset of Uj for all j G J, we define a covariant derivative V of L by 

V: » ^' • 

Since V is locally the finite sum of Lie connections, it is also a Lie connection. □ 



2.5 Local operators and the Peetre Theorems 

Definition 2.60. Let 7Ti : E\ — > M, ix-i : — !> M be two vector bundles and fci,fc2 G N. A linear 
operator T : r fcl (^i) -» r fc2 (B 2 ) is called foca^, if for any A G T kl (Ei) and any open set U C M the 
condition X x = 0e (-Ei)a for all x G Z7 implies (TX)j = G (-©2)x for all ir G ?7. 

The meaning of an operator to be local is shown in the following lemma. 

Lemma 2.61. If Y, Z G r fel (£;i) are identical sections on an open set U C M and we have a local 
operator T : r fel (£i) ->■ T k ' 2 (E 2 ), then TY, TZ G T kl (E 2 ) are identical on U. 

Proof. The section X := Y - Z G T fel (Et) vanishs on J7. The locality of T yields that TX = TY - TZ 
also vanishs on U. So TY\ V = TZ\ V . □ 

Example 2.62. Let V : T(TM) — > End(r(J5)) be a covariant derivative on a vector bundle ir : E -> A/ 
with fiber and A G r(TM) a vector field. Then Vx is a local operator: 

Let Y G T(E) be a section zero on an open set U C M, let ir G C/ be a point and let p : M — > [0, 1] 
be a smooth map such that p\M\u = and = 1 for a smaller x-neighbourhood W C U. We easily 
calculate: 

(Vx^)W = p(x)(V x Y)(x) = (Vx(p ' - ((^-P)y) (a?) = - = 0. 

The Peetre Theorem, proven in [Na68], p. 175-176, can be stated as follows: 
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Theorem 2.63. (Peetre Theorem, Version 1) Let M be a smooth m- dimensional manifold and 
TTi : Ei — > M a vector bundle with fiber Vi for i = 1,2. IfTiT (E±) — > T {E2) is a local operator, then for 
any point x £ M there exists an open neighbourhood U C M, bundle charts (U,ip\), (U,if2) of E±, E2, 
respectively, a chart (J7, £) of M, a number n £ N and a familiy of functions f a £ C°° (J7, Hom(Vi, V2)), 
a £ N m , \a\ < n, such that for all X £ T (tt^QJ)) we have 

{TXy* = U- (d?X*i). (6) 

a|<n 

Definition 2.64. The formula (6) says that T is a differential operator of order at most n on U. 

By a modification of the proof of Theorem 2.63 one gets the following result (cf. [Lc79], p. 52): 

Theorem 2.65. (Peetre Theorem, Version 2) Let M be a smooth m- dimensional manifold and 
7T 4 : Ei -> M a vector bundle with fiber Vi and h £ N for i = 1,2. If T : T kl (Ei) -> T k2 (E 2 ) is a 
local operator, then T is a differential operator of order at most k\ — In particular, if k\ = k% then 
T is a differential operator of order and if fcj < k 2 then T = 0. Furthermore, we obtain T = if 
T : r fcl (^!) -> T(E 2 ) C r fcl+1 (^ 2 ) is local for ki £ N. 

Remark 2.66. In the situations of the above theorems, if T : T k (Ei) — > T k (E 2 ) is a differential operator 
of order for k £ N, then it can be identified with a C^-section of the bundle Hom(£?i, E2) as follows: 
Fix an x £ M and an open neighbourhood U C M of x such that 7r 1 _1 (t/) is trivial. For vectors v £ {E{) x 
we choose sections X : U — > 7r 1 " 1 (J7) such that X x = v and define the linear map 

r x : (Ei) x — > [E 2 ) x 
v (TX) X . 

depends on X only via X x because T is an operator of order 0. The required section is the map 
M -> Bom{E 1 ,E 2 ), x^t x . 

2.6 Cech cohomology 

Cech cohomology is one of the important cohomology theories in algebraic topology. It can be defined 
for any topological space and a prcshcaf of groups on this space. However, we will only consider it for a 
manifold M and a discrete group G, which can be understood as a Lie group. The following definitions 
are due to [tD91]. 

Definition 2.67. Let £ot)(M) := {23 G <$(0{M))\ [j {U £ *U} = M} denote the set of collections of open 
subsets of M who cover M and for QJ £ £oo(M) we define 03 * 93 := { (U, V) £ 53 x 93 1 U n V ^ 0}. 

1. A familiy of smooth functions {gvu ■ U CiV —> G ? )m,y)esH*2J ls called a cocyle related to 93 £ <£oo(M), 
if it satisfies the equation 

9vu{x) ■ guw{x) ■ gwv(x) = 1 
for all x £ U n V n W for all U, V, W £ 93. The set of these families is denoted by Z 1 (M, 93, G). 

2. Two cocycles {gvu)(u,v)&n*^Si (^vc/)((7,v')G , a*ai £ Z 1 (M, 93, G) are called cohomologous, if there 
exists a familiy of smooth mappings [hjj : U — > G)[/gar such that the relation 

kvu{x) = h v (x) ■ gvu(x) ■ (hu(x)y 1 

is satisfied for all x £ U n V for all U, V £ 93. The relation "cohomologous" is an equivalence relation 
on Z (M, 93, G) and the set of the corresponding equivalence classes is denoted by H (M, 93, G). 
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3. If G is abelian, two cocycles (gvu) ([/,v)e2J*2J > (^v r c/)((7,F)eaJ*!» £ Z (Q3,G) can be multiplied point- 
wisely and we get a group structure on Z (M, 23, G). The set of cocyles x \- > hy(x) ■ (^(x))^ 1 is a 
normal subgroup of Z (M, 23, G) , denoted by B (M, 23, G) and this gives rise to the group structure 
on the quotient Z 1 (M, 23, G) / B 1 (M, 23, G) = H^Af, 23, G). 

4. Cot> (A/) is a directed set by the refinement relation 

23 <W VW £ 2B 3V 6 23 : W CV 

and so we can define the /irsi Cech cohomology group of Af with values in G to be 11 

H 1 (A/, G) := lim H^A/, 23, G). 

9J££ot>(Af) 

In general, if G is not necessarily abelian, we obtain the first Cech cohomology set fl 1 (Af, G) without 
group structure. 

If G is abelian and discrete, then the Cech cohomology groups H (M, G) arc isomorphic to the singular 
cohomology groups H 1 (M, G) (cf. c.g [EiSt57], Chapter IX), which can be easily "calculated" in some 

cases. There are also group isomorphies H (M, G) = Hom(Hi (M ), G) = Hom(7ri(M), G), where Hi(A/) 
is the first singular homology group of M with values in Z and tti(M) is the fundamental group of M. 

Remark 2.68. We give some first cohomology groups which are calculated in any elementary algebraic 
topology lecture: 

1. If G is an abelian group and M is a simply connected manifold, then H 1 (M, G) = 0. 

2. If G is an abelian group, then H X (S",G) = 

3. H 1 (CP",Z/2Z) = H 1 (HP T \Z/2Z) =0. 



G if n = 1 
ifn>l. 



2.7 Structure of Lie algebras of C fc -sections 

From now on, facts from [Le80] are explained in detail and generalized. We have k S N and a bundle of 
Lie algebras ir : L — s> A/ with fiber I. The dimensions of M and { are denoted by m and d, respectively. 
Lecomte only considered the case of 3 (I) = and we will replace this condition with weaker ones. 

2.7.1 Center and commutator 

The center of T fc (L) is easy to calculate. 

Proposition 2.69. Forked we have 3 (r fe (L)) = T k (3QL)). 

Proof. If X e T k (a(L)) then, for all x G M, wc have X x e a(L x ) and thus [X,Y] x = [X X ,Y X ] = for 
all Y e T k (L) and .x e M. This proves 3 (r fc (L)) D T k (3(L)). If X 6 3 (r fc (L)), a; S A/ and u e L K , 
then, by Lemma 2.51, there is a section Y G r fe (L) such that Y x = u, thus [X^u] = [X, Y] x = proving 
X x € 3 (L X ). This proves 3 (r fc (L)) C T k ( 3 (L)). □ 

Corollary 2.70. F fc (L) is centerfree if and only ift is centerfree. 



xl This definition is not rigorous. If {Wj)j^j is a refinement of (Vi)i^j, then, for the definition of the direct limit, it is 

necessary to have a function / : J — > I such that f(j) = i implies Wj C V;. But one can show that H^M, G) does not 
depend on the choice of such functions. 



26 



For the calculation of the commutator of T k (L) we first have to prove a technical lemma. 

Lemma 2.71. There exists an r £ N such that, for each bundle chart (U,<p) and each X £ r fe ([L, L]) 
with compact support contained in U , there are sections Y±, Z±, . , . ,Y r , Z r £ T fc (L) with compact supports 
contained in U with 

r 

t=i 

Proof. Let ([ui, wi] , . . . [u r , w r ]) be a basis of [t, £]. Let F C M be compact such that 

supp X CF° CF CU 

and p : M — > [0, 1] a smooth function with compact support contained in U such that p\p = 1. Then there 
are functions fi, . . . , f r £ C fc (M, K) with supports contained in _F such that we have, for each x £ U : 

r 

t=l 

For i € {1, ... , r] we define Y t ,Z t £ L fe (JL) by 

r t (x) = Z t (x) = for x £ 
V^(x) = ft(x)ut and Zf(x) = p{x)wt for x £ {/. 

For x £ M\F we have = = ^Li = Et=i [^(x), 2 t (x)]. For a; £ F we have 

r r 

t=i t=i 

ThusX = 5^ =1 [F t ,Z t ]. □ 
Proposition 2.72. For k £ N we /iawe [r fe (L), T fc (L)] = r fe ([L, L]). 

Proof. Let ((Vi, V>i> £i; Pi)i£j > (Jt)t=i) be a Palais cover (cf. Definition 2.44 and Theorem 2.45). Any 
section X £ r fe (L) takes the form X = Et=i-^* for X t = J2ie,j t , where t £ {l,...,r}. We 
fix X £ r fe ([L,L]) and t £ {l,...,r}. Then, by Lemma 2.71, there are, for each i £ J t , sections 
Y{,Z\, . . . ,Yl,Z\ £ r fc (L) with compact supports contained in Vi, such that = E»=i [Yp, Zp] ■ By 
setting Y p := J2 ie j Yp G r fc (L) and Z p := £) ieJ £ r fe (L) for each p £ {1, . . . , s} and recalling that 
the supports of Y*, Z^ for i ^ j are disjoint, we obtain X t = Ep=i [Yp, Zp], yielding X = J2t=i ^ Bn< ~ L 

[r fe (L),r fc (L)] Dr fc ([L,L]). 

In order to show [r fc (L), L fe (L)] C r fe ([L,L]) we consider X = YX=i [Yp, Z p ] for appropriate sections 
Y p , Z p £ r fe (L). For arbitary x £ M wc have X{x) = YZ=\ [ Y P (x), Z p {x)} £ [L X ,L X ] = [L, L] x . □ 

Corollary 2.73. r fc (L) is perfect if and only if t is perfect. 
2.7.2 Derivations 

Now we want to calculate the derivations of the Lie algebras of C k -sections by applying Version 2 of the 
Peetre Theorem. 

Theorem 2.74. Let k £ N. Iftis perfect or centerfree, then Der (r fc (L)) = T k (Der(L)) as Lie algebras. 

Proof. Let D be a derivation of T fc (L). We want to show that D is automatically a local operator. Let 
X £ L fc (L) be zero on an open set U C M. 
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• Suppose 3(4) = 0. Then for all x G U and Y G T k (h) with supp(Y) C U we have [X, Y] = and 
therefore: 

[(DJQx.y*] = ( J D[X,y]) x -[X x ,(£)F) x ] = 0-0 = 0. 

By Lemma 2.51, this implies [(DX) x ,v] = for all v G L x , yielding (Z)X) X 6 3(L X ) = for all 
X G C/. 

• Suppose [t, t] = 4. Since T fc (L) is also perfect, there exist sections Y\, Z\, . . . , Y r , Z r G T k (L) such 
that X = J2t=i 1^*' ^t\- Now, if x G £/ then there is an .T-ncigbourhood W C [/ and a smooth map 
p : M -> [0, 1] such that p| W ee 1 and ee 0. We set X' := (1 - p) 2 • X. Thus X = X' on M 
and we obtain X = J2t=i 1(1 — /°) ' (1 — z 9 ) ' %t] yielding 

r 

(DX) X = J2 [D((l - P) ■ Y t )(x), (1 - P )(x) • Z t (x)] + [(1 - P )(x) ■ Y t (x), D((l - p) ■ Z t )(x)] = 0. 
t=i 

In both cases we have (DX)ijj ee 0, thus D is local. 

By applying Theorem 2.65 and Remark 2.66 we have a linear map * : Der (r fe (L)) -> T k (Hom(L, L)) 
well-defined by V(D)(X X ) := {DX) X for X G r fc (L), x G M. Since we have 

*(£>) [X x , Y x ] = (D [X, Y}) x = ([DX, Y}) x + ([X, DY]) X = [^(D)(X X ), Y x ] + [X x , *(D)(Y X )] 

for X,y £ r fc (L) and x G M, the image of ^ is contained in r fc (Der(L)). Furthermore, the map \& is 
compatible with the Lie brackets on Der (r fc (L)) and r fe (Der(L)): 

* [D, D>] (X x ) = ([£>, D>] X) x = {D{D'X)) x (D'(DX)) X = [*(!?), *(£>')] (X x ). 

Finally, the function $ : r fe (Dcr(L)) -> Dcr(r fc (L)) defined by ($ (ID) (X)) x := D X (X X ) for a section 
£> G r fc (Der(L)), X G r fc (L), x G M, is the inverse of VP. We conclude that \& is an isomorphism of Lie 
algebras. □ 

In order to analyze T(L) = r°°(L) we define the notion of an ^-derivation of L. 

Definition 2.75. Let x G M. 

1. An x-derivation of L is a linear map 5 : T(L) — > L x such that the following condition is satisfied 
for all X,Y G r(L): 

5[X ! F] = [5(X),y x ] + [X x ,5(y)]. 

The vector space of all x-derivations of L is denoted by X? X (L), the union U 2;gM 'D 2; (L) is denoted 
by X>(L) and we have a projection p : £>(L) — > M defined by p(V x (L,)) = {x} for x G M. 

2. Note that Der(L) can be embedded into 2?(L) via the natural injection i : Der(L) — > 2?(L), where 
D G Der(L x ) is mapped to the ^-derivation i(D) : T(L) — > L x , X M> D(X X ). 

Theorem 2.76. Let t be perfect or centerfree. Then every x-derivation of h is a differential operator of 
order at most 1 and the triple {T>{h),p, M) admits a vector bundle structure such that Der(r(L)) can be 
naturally identified with T(T>(h)). In addition, there exists a short exact sequence of vector bundles as 
follows: 

— ► Der (L) D(L) TM ® Ccnt(L) — > 0. 
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Proof. Let 5 G T> X {V) be an ^-derivation. By Lemma 2.46, every section X G T(L) with j].{X) = takes 
the form 

X = J2ffX l (7) 

for functions f t G C°°(M,K), f z (x) = and X, G L(L). 

• Suppose = 0. If Y" G T(L) is an arbitrary smooth section, then: 

r r I 

[S(X),Y(x)] =J2[S {ffX,) ,Y(x)] =Y:\S [ffX^Y] - [h{xfX t {x), 5{Y)\ 
i=i i=i 



5 [fiXufiY] = [S(fiXi), fi(x)Y(x)] + \fi(x)Xi(x), 5(f t Y)] 

i=l i=l 
r 

^0 + = 0, 



i=l 

thus 5{X) e 3(L X ) = 0. 

• Suppose [t, t] = t. Since L(L) is also perfect, there exist, for each i G {l,...,r}, sections 
YiuZa,..., Y is ,Z ia G r(L) such that X, = £ t s =1 [F lt , Then: 

r r s 

S(X) = S (f*Xi) = Y, E 6 IfiYitJiZ*] 

i=l i=l i=l 

r s r s 

= ^Ewa),/.W4W] + [/<(s)ist(ao,«(/iZ«)] = EE = - 

i=l t=l i=l t=l 

For both cases, we conclude: 

6(X) = 0ifjl(X) = 0. (8) 

Let (U,<p) be a bundle chart in a; and (U,£) a corresponding chart of M. Since 7r : L — > M is 
defined by an Aut(t)-valucd cocyle, ip restricted to any fiber is an isomorphism of Lie algebras, therefore 
the Lie bracket on L (7r -1 ([/)) corresponds to the natural pointwise Lie bracket on C°°(U,t) meaning 
[X,Yf = [X^,Yf] for X,Y G L (tt" 1 ^)). Note, by relation (8), that 5 has a local form without terms 
of order greater than 1: 

rn 

X v ^D(X v (x))+^S* ?; (%X v (x)) (9) 
J= i 

for certain D, S 1 , . . . , S m G End(f). 

Let us show now that a local form of the type (9) is satisfied for an ^-derivation S v if and only if 
D G Der({) and S 1 , . . . , S*™ G Cent(t). Equation (9) implies the following two equations: 

n l 

^ LY V , F v ] = D {[X v {x), Y v (x)]) + S l (% F v ] (s)) 

(io) 

= D([^(x),Y^( a; )]) + ^5 i ([%X^( a; ),y^( a; )] + [^(x),%y^(a ; )]). 
1=1 

, y^(.T)] + ^ (y* 5 )] = [£> , Y v (x)} + [X v (x), D (Y v {x))] 

(11) 



Y, [S* (d^(x)) , Y*(x)] + [X*(x),S* ( V(x))] 
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By comparing the equations (10) and (11) for constant sections X, Y we obtain 

D ([Xt(x),Y*(x)}) = [D (X*(x)) , Y*{x)] + [X*(x), D (Y*>(x))} , 

thus D is a derivation of t. Knowing this we compare the equations (10) and (11) for constant X and 
arbitrary Y and obtain, after the cancelation of the derivation part: 

m m 

£s* a^Or)] = J2 (%^(x))] . 

1=1 1=1 
Since for any i 6 {1, . . . , m} we have 

Y* (cHtto+tei)) = (T X Y*) [(T^C 1 ) (e,)] 

t=o 

and T^j^ -1 is a linear bijection, there is, for any x € U and » et, a smooth map Y v :{/—>•{ with 
0^y v (x) = 5y « for j £ {1, . . . , m}. Therefore we may conclude that each S l is contained in the centroid 
oft 

We obtain a bijective correspondence: 

\JV x (Uxt)—>Ux (Der(6) x Ccnt(t) m ) 

xeu (12) 
5f^(p(5*),(D, (S\...,S m ))). 

By extending this construction to all charts of a maximal bundle atlas of M, we construct trivializations 
of T>(h). In order to show that we obtain a bundle structure on V{h) we will show that the transitions 
are linear: Let (U,ip) and (V,ip) be bundle charts of ir : L — > M in x with corresponding charts (£/, £) 
and (V, 77) of M with £(x) = r)(x) = and let D, D G Der(f), S 1 , . . . , 5 m , 5 1 , . . . , S m G Cent(£) be the 
endomorphisms of t such that for all X^ ', G C°°(E7 n V", t) we have 

m 

^ (X v ) = D {X v {x)) + J2 S i {d ii X v {x)) 

i=l 

and 



^ (X^) = £> (X^(x)) + J2 & (drn^(x)) . 

i=i 

By the definition of the local forms, we have 

°5") (Xn = S(X) = ((VilJ" 1 o S+) 
and 

(^O" 1 (X^xj) = X(x) = (^J- 1 (X*(x)) , 

thus 

S* (X' 4 ') = ff (x) (^ (X v )) and X%t) = .g^)" 1 (X*) 

for a transition map g : E/ fl V — > Aut(t) of the principal bundle to which ir : L — > 71/ is associated. By 
considering the commutative diagram 

t = T v{x) t +±± T X M M m 



ffO) 



I = T^( x )4 . T X M 
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we may calcuatc 

d u X^(x)=T x Xf (Tor 1 ^)) = (gix)- 1 oT^'oTotT 1 oT s £) (ToC 1 ^)) 
and obtain, by the definition of D, D, S 1 , . . . , 5"™, S 1 ,..., S m : 

rn / m \ 

5 + E ^ = ^ (X") = g(x) {S? = <?(*) + E 54 

rn 

= {g(x) o £> o 9 {x)- 1 } (X+{x)) + J2 {fa) ° S 1 } ( VW) 

i=l 
rn 

= {g(x) o £> o g{x)- 1 } (^Wj+^lsWoS'o^)- 1 } (^I^W). 

i=X 

(13) 

For contstant sections X this equation implies 

D (X*(x)) = {g(x) o D o ^x-)" 1 } (X*(x)) , 
thus Z) = g(x) o D o g(x)~ . Knowing this, equation (13) also implies 

rn rn 

E & ( d v^(*)) = E {s(*) ° si ° sO*) -1 } ( V^)) 

i— 1 i— 1 

and, by inserting appropriate sections for X, we may conclude that S 1 = g(x) o S l o «/(&) for all 
i G {l,...,m}. So the transitions D H» Z) and S 11 — >• 5* z are linear isomorphisms and we have, by 
Theorem 2.41, a vector bundle p : 2?(L) — ?> M with fiber Der(t) x Ccnt(J)™ 1 . There is an isomorphism 
of Lie algebras $ : Der(T(L)) ->• r(X>(L)), defined as follows: If D e Dcr(r(L)), then $(£>) is the map 
ill -> D(L), x i y ev x oD. If X e r(D(L)), X e T(L) and x 6 M, then (S" 1 ^)^ = X. 

Let us define the map a : V(L) -> TM®Cent(L). If 5 6 (L), then we define a(6) € T X M (giEndQLz) 
as follows: We identify T X M ® End (La ) = Hom(Tj;M*, End(L x )) in the natural way, i.e. the element 

v i ® Ai corresponds to the endomorphism a t— > a(vj) ■ A{. For any a G T X M* and w G L^ let 
a £ C°°(M,R) and A e L(L) such that T x a = a and A(x) = w. Then er(£) is pointwisely defined by 

{a(6)(a)} (w) := J(aA) - a(x)<5(A). 

Now let us check that a is well-defined and valued in TM (g> Cent(L) by using (8) and (12): 

({a(5)(a)} (wjf = (5(aA) - a{x)5(A)Y 

m / rn \ 

= D(a(x)A^x)) + Y / S' l (d u (aA^)(x)) - a(x) D(A*(x)) + E ^{d^ix)) 

i=l V i=l / 



= E & a(a?) • A* (a?) + a(x)%A v (x) - a(x)% ^(x)) 

m m 

= E & (%a(*) • *>(«>)) = E • 54 (*>H) ■ 

i=l i=l 

By leaving the local coordinates we see that {a(S)(a)} only depends on a and w and we also obtain 
a(S) £ TjrM <g> Cent (La;). The above calculation also shows that a maps exactly the elements without 
local part in Cent(t) m to zero, i.e. imi = keru. 
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We finally show the surjectivity of a : V{h) — > TM (g> Ccnt(L): Let x G M and (U, ip) a bundle chart in 
x with corresponding chart (J7, £) of M and p : M — > [0, 1] a smooth map with supp pC(J and = 1 for 

an ^-neighbourhood W C fj and . . . , S" n ) G Ccnt(«) m . We define := (^lJ" 1 oS'otpe Ccnt(L T ) 

and S G V X (L) is defined by 8{X) := p ■ (^jlJ" 1 (E™i s ' for X G L(L). Then the local 

part of a{5) is (S* 1 , . . . , S" m ). □ 

The short exact sequence in Theorem 2.76 naturally induces another short exact sequence. 

Corollary 2.77. The following induced sequence is exact: 

— > r(Der (L)) T(V(V)) -A r(TM ® Ccnt(L)) — ► 0, 
where (i(X))(x) := i(X(x)) and (a(X)){x) := a(X(x)). 

Definition 2.78. The map a : T>(h) — > TM <E> Cent(L) from Theorem 2.76 is called symbol map. 

For a global description of Der(T(L)) we firstly extend the notion of Lie connections. Fix a Lie 
connection V : T(TM) -)• Der(T(L)). 

Remark 2.79. The symbol of a derivation V x of T(L) for a vector field X G T(TM) is X® 1: Let x G M 
be a point, a G C°°(M, R) a smooth map and A G T(L) a section of L. Then we identify Vx G Dcr(r(L)) 
with (y i— > evjoVx) G T(T>(h)) and calculate: 

[a (V x {x)) (T x a)} (A x ) = (Vx(») - o(s) (V x (x)) (A) = (Vx(aA)) (re) - a(x) (V X A) (x) 

= ((X.a)A + aVx(A)) (x) - {aV x A) (a?) = ((I.a)A) (a?) = (T.a)^) • ^ 

and therefore 

cr(V X (») = X c <g>l x . 

Thus, by the short exact sequence of Corollary 2.77, we see that not all derivations of F(L) can be 
described like that. It is necessary to extend V in an appropriate way. 

Definition 2.80. The extension of V to T{TM <g) Cent(L)) is the linear map 

V : T(TM <g> Cent(L)) — > Dcr(r(L)) = r(Z>(L)) 

defined as follows: Let y G T(TM ® Cent(L)) be a section and (J7, £) a chart of M. Then there are 
unique elements S 1 , . . . , S m G r(Cent(7r _1 (£/))) such that 

m 
i=l 

We define locally by 

m 

(V^)|a:=E^ oV ^- ( 14 ) 

i=l 

We show that this is well-defined: Let (£/,£) and (V, 77) be two charts of M and x G U n V. Then 34 
takes the form ^™ 1 (9f i ) x (g)s' = Ej=i ipvj) x ® r ^ f° r endomorphisms s 1 , . . . , s m , r 1 , . . . , r m G Cent(IU;). 
Note that, by the uniqueness of these forms, we can write 

r j =y x (T xVj ). 
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By writing the matrix T^m (£ o r\ x ) as A — (ay) we find the following relation between the basis vectors 

(%)x and 

(m \ m 

51 afc J' efc = E a fcj T €(x)^ _1 (efe) 
fc=i / fc=i 



fe=l 

We write T^m (77 o = A -1 = (a IJ ) and calculate: 

m mm 

E^' ^) =E^( T ^)°E a ^ v (^) = E (E(%)*® si ) (^)°^ v (9 5fc ) 

j=i fc=i 33 i,fc=l \i=l / 

E ^j) ((%)J • s * a ^ v (a 5fc ) T = E flU ' ak i ■ sl V (9«J i 

ij,k=l 
m 

E si ° v (^- 



m / m 



So we have a well-defined extension. 



Lemma 2.81. The extension of V satisfies the following properties for all y G T(TM ® Cent(L)), 
a 6 C°°(M,K), 4,/5e r(L), X 6 T(TM), S 6 r(Cent(L))' and x £ M: 

J. Vy [4,5] - [VyA,B] + [A, VyB], i.e. Vy G Dcr(r(L)) ; 

«. (VyCaA))^ - (D4(r x o)) {A} + (aVyA) x) i.e. Vy(aA) = (y.a){A} + aV y A, i.e. a (Vy) = y, 
3. V ay A = aVyA, 

4- Vx«isA = S o VxA. In particular, we have Vjc®i = Vx< 
Proof. Let ([/, £) be a chart of M. We show the properties by concluding locally: 



1. 



V y [A, B] = J2s l o Va £i [A, B] = £ 5* o 

i=l i=l 
m m 



Va £i A,S 



A,V 9Si B 



A, Va e . -B 

[VyA,B] + [A,VyB] 



2. 



i—1 i—1 i—1 

= y x (T x a)[A] + (aW y A) x . 
3. liy = Y%L 1 0& ® S" 1 then = J2T=i % ® aS, \ thus: 

m m 

V a y = ^ aS 4 o V s? . =0^5*0 V a<r . = aVy. 
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4. If X = J2T=i x % then 



X <g> S = 1^2 X 1 % <g> 5 = % ® * * s 

\i=l / i=l 

implying 

Vx®sA = J2 X l S o % A = 5 o V x A 



□ 

Remark 2.82. 

1. It is possible to define the extension of a Lie connection V : T(TM) — > Der{T(L)) = T(P(L)) 
without the help of charts of M: For x S M and X G T(TM) the x-derivation (Vx) a depends on 
X only via X x and so we can understand V as a map TM — > X>(L). We now extend V in a natural 
way to a map V : TM ® Cent(L) 2?(L) by mapping Xj ® 5^ to 5^ o (Vx) x (cf. Equation (14)). 

2. It is not difficult to show that any linear map L : T(TM <g) Cent(L)) — > Der(r(L)) satisfying the 
four conditions of the preceding lemma is the extension of exactly one Lie connection V. 

We can now formulate and prove a theorem about the global structure of Der(F(L)). 

Theorem 2.83. Fix a Lie connection V on L. If t is perfect or centerfree, then a linear function 
D : r(L) — >• r(L) is a derivation o/F(L) if and only if there are sections y G T(TM <g> Cent(L)) and 
Do G F(Der(L)) such that D = + i(Do) and this decomposition is unique. 

Proof. Obviously, for any y G T(TM ® Cent(L)) and D Q G F(Dcr(L)) the linear map \7y + i(D ) is a 
derivation of L(L). 

On the other hand, fix D G Der(T(L)) = r(D(L)) and set y := cr(L>) G F(TM ® Ccnt(L)). Since 
a (Vy) = y, the linear map D — Vy : L(L) — > F(L) has symbol and thus identifies with a differential 
operator of order zero which is a section of Hom(L, L). Since D and Vy are derivations of F(L), this 
section takes its values in Der(L(L)). Therefore D — Vy can be written as i(-Do) for a Do G L(Der(L)). 

The uniqueness of the decomposition follows from the fact that y = cr(D) is the only element in 
r(TM ® Cent(L)) such that a(Vy) =y. □ 



2.7.3 Centroid 

In this subsection we will calculate the centroid of F fc (L) . We begin with a technical lemma. 

Lemma 2.84. Let X G T(L) be a section which is zero on an open set U C M and x G U . Then there 
exists a compact x-neigbourhood F and there are functions D t G Der{T(L)) ; X t G T(L) with X t \p = 
for t G {1, . . . ,r} such that 

r 

X = Y J D t {X t ). 

t=i 

Proof. Let F be a compact x-ncigbourhood contained in U. Since M is paracompact, there exists a 
Palais cover ((Vi,ipi,^i, Pi) i£j , (Jt)t=i) refining the open cover {U, M\F} of M (cf. Definition 2.44 and 
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Theorem 2.45). For any i £ J and Y £ T(n- 1 (V i )) recall that : R m D &(Vi) -> t denotes the 
mapping such that the following diagram commutes: 

L D 7T (Vi) --^^C^) X t 



Y 



M 2 V ti{Vi). 

The Lie bracket on T (^~ 1 (Vi)) corresponds to the natural pointwise Lie bracket on C°°(£i(Vi), t), i.e. 
[Y,Z] 1p ' = [Y^',Z^] for Y,Z £ r (tt" 1 (Vi)), for all i £ J. We set Y := Pl X and choose a section 
X 1 £ r( 7 r- 1 (y i )) by claiming d^^X 1 )^ = Y*". With D l : I^Tr" 1 ^)) -)■ r (tt" 1 ^)) defined by 
(D 1 )^ := d(£ i ) 1 one obtains 

p i X = Y = D i {X i ). 

Note that in the case of supp(pi) C U we can choose X % = because Xijj = and each Vi is a subset 
of exactly one, U or M\F. By setting D t := YlieJ D l and X t := wc obtain a well-defined 

derivation D t and a well-defined section X t for any t £ {1, . . . , r} and 

E aw = E ( E Di ( E ) = E (E **) = 

i=l t=l \ieJt \ieJt I J i=l VieJt / 

□ 

Theorem 2.85. Any endomorphism T : F(L) -5- F(L) loftft T o Der(T(L)) C Der(T(L)) is a differential 
operator of order zero and can be identified with a smooth section o/Hom(L, L). 

Proof. We want to show that T is local. Let X £ T(L) be zero on an open set U C M. Lemma 2.84 yields 
that there exist D\, . . . , D r £ Der(r(L)) and Xi, . . . , X r £ T(L), each X t zero on an cc-neighbouhood F, 
such that X = £)£ =1 D t (X t ). We obtain 

r r 

TX| i , = ^((ToA)(^))|F = E = ( 15 ) 
t=i t=i 

because any D G Der(r(L)) can be identified with a section of X>(L) by D M> Xd , where Xjy (x) := cv^ o£), 
and hence is local. By (15) wc conclude that T is local. 

Theorem 2.63 yields that T is a differential operator. By Theorem 2.76, any derivation D £ Der(r(L)) 
is a differential operator of order at most one and so is any T o D. If T were of order n > 0, then there 
would be a bundle chart (U, (p) with corresponding chart (U, £) of M and functions f a £ C°° (U, End(t)), 
a £ W n , \a\ < n, such that for all X £ T (tt^^C/)) we would have 

(Txy = E /« • 

and there would be x' £ U, u £ t and a' = (a[, . . . , a^) G N" 1 with \a'\ = n such that f a '(x')(u) ^ 0. We 
may assume, without loss of gener ality, that \(x') = 0. By defining D £ Dcr (F (7T -1 (?/))) by := % 
and X G T (tt- 1 (C/)) by X^z) := ■ f]™ i Ci^)"* ■ u we would obtain 

[T{DX)Y = E /« ' (3? P-XT) = E • ( d t 

|a| <n | a | <n v 

—0 in x', if a^a' 

contradicting to the facts that T o D is a differential operator of order at most one and j],i{X) = 0. So 
T is of order zero. □ 
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Theorem 2.86. If i. is perfect or centerfree, then Cent (r fc (L)) = T k (Cent(L)) as associative algebras. 

Proof. In the smooth case we use Lemma 2.18.2 and Theorem 2.85 to see that all T £ Cent(r(L)) identify 
with smooth sections of Hom(L,L). 

For fceNwc will firstly show that any A £ Cent(r fe (L)) is local: Let X £ r fc (L) be zero on an open 
set U C M. 

• Suppose a(t) = 0. Then for all x £ U and Y £ r fe (L) we have: 

\{AX) X ,Y X ) = [X x ,(AY) x ] = 0. 

This implies (AX) X £ ${h x ) = for all x £ U. 

• Suppose [1,6] = t. Then, by Corollary 2.73, the Lie algebra F fc (L) is also perfect. So there exist 
sections Y\, Zi, . . . ,Y r) Z r £ F fc (L) such that X = J2t=i %t]- Now, if x £ U then there is an 
x-neigbourhood W C U and a smooth map p : M — > [0, 1] such that p\w = 1 and Pm\u = 0. We 
set X' := (1 - p) ■ X, thus X = X' on M and we obtain X = YJt=i i Y t, 0- ~ p) ■ z t], yielding 

r 

(AX) X = [(AY t )(x), (1 - P )(x) ■ Z t (x)] = 0. 
t=i 

In both cases we have (AX)ijj = 0, thus A is local. So we can use Theorem 2.65 to see that all 
T £ Cent(F fe (L)) identify with C fe -sections of Hom(L, L). 

We know now that, for k £N, there is a linear map \f : Cent (F fe (L)) — ► F fc (Hom(L, L)) well-defined 
by y(A)(X x ) := (AX) X for X £ T fc (L), x £ M. Since we have 

[X X ,Y X ] = (A [X, Y]) x = ([AX, Y]) x = [if>(A)(X x ),Y x ] 

for X,Y £ F fc (L) and x £ M, the image of is contained in F' c (Cent(L)). Furthermore, the map \& is 
compatible with the composition of functions on Cent (r fe (L)) and r fe (Cent(L)): 

V(A o A')(X X ) - ((A o A')X) x = {A(A'X)) x = (*(A) o *(A'))(X X ). 

Finally, the function $ : r fc (Cent(L)) -)• Cent (r fe (L)) defined by ($ (21) (X))^ := for a section 

21 G r fc (Cent(L)), X £ r fc (L), x £ M, is the inverse of 'J. We conclude that * is an isomorphism of 
associative algebras. □ 

We can now deduce an important structure theorem. 

Theorem 2.87. Let t be indecomposable. Then T k (h) is so, i/Hom(*/ [f,t] ,3(t)) = 0. 

Proof. Let r fc (L) = 1\ © I2 be a decomposition into a direct sum of ideals and P 1 be the projection onto 
h parallel to J 2 . Note that P 1 £ Cent(r' £ (L)) = T' £ (Cent(L)) because for any X, Y £ r fc (L) decomposing 
into X\ , Yi £ I\ and X2 , Y2 £ I2 we have: 

P 1 [X,Y] = P^X^Y,] + [X 2 ,Y 2 ]) = [X 1} Y!] = [X 1 +X 2 ,Y 1 ] = [X^'Y] . (16) 

Since P 1 o P 1 = P 1 on T k (h), each P\ £ Cent(La;), where x £ M, is a projection in Centra) and, by 
indecomposability of = £, this implies P x = or P x = l x . The map M — > Cent(L 2 .) C Cent(L), 
x M> P x is continuous and for each bundle atlas (Ui, <^j), e j, where each £/, is connected, the mapping 
x 1 — ► (fi o P x has discrete image. But all this is only possible if P 1 = or P 1 = 1, i.e. I\ = or I 2 = 0. 
So r fc (L) is indecomposable. □ 
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Remark 2.88. If Hom(t/ [fi, t] ,3(6)) = 0, then, by Lemma 2.18.3, we have Cent(fi) = N(f) © S({) 
and, since Aut(t) acts on N(t) and S(t) by conjugation, we also have the following decomposition: 
r fe (Cent(L)) = T fe (N(L)) er fc (S(L)), where N(L), SQL) denote the corresponding subbundles L(N(fi)), 
L(S(t)) of Cent(L) = L(Cent(t)) (cf. Definition 2.53.2), respectively. Consider the case S(t) = K • 1. 
Then S(L) is a bundle over M with fiber K- 1 and, for any x G M, the fiber S(L) X is naturally isomorphic 
to S(La;). Thus any section X G T k (S(L)) takes the form M — > SQL), x ^ X x = f(x)l x for some 
/ G C k (M,K), hence: 

r fc (S(L)) = C k (M,K) • 1. (17) 

Remark 2.89. Let t be reductive and dim 3(0) < 1, e.g., t = gl n (K) or Hom(«/ %t] = 0. If 

t = tj is a decomposition into a direct sum of indecomposable non-zero ideals, then we define 

H(l) := n"=i {/ G Aut(t)| /(tj) = £,}, the normal subgroup of Aut({) stabilizing this decomposition. 
This is well-defined because the decomposition into a direct sum of indecomposable non-zero ideals is, by 
Proposition 2.25, unique except for the order. We denote the quotient group Aut(t)/H(t) by G(t). 

Let || • || : End(l) — > R+ be the Frobenius norm on End({) with respect to a basis (vi , . . . , Vd) correspond- 
ing to the decomposition t = 0™ =1 t h i.e. ||/|| := \/X^=i a ij> where f(vj) = aijVi for i, j E {1, . . . ,d}. 
This norm induces, by dim J = d < 00, the compact-open topology. So the subspace Aut(t) C End({!) 
becomes a topological group. 

By Remark 2.27, the matrices corresponding to the automorphisms in Aut(J) are "permutated block 
diagonal matrices". Therefore, if / G H(J) with f(vj) = a^Vi for i,j G {1, ...,d} and we set e := 
0.5 • minj i j £ |i j ... i( n a,j, then the e-ball around / in Aut(t) with respect to ||-|| is entirely contained in H(t). 
So H(J) C Aut(t) is open and G(t) equipped with the corresponding quotient topology is discrete. 

The following general theorem about first Cech cohomology sets is Theorem V.5 of [Nc04]. We will 
use it to show Lemma 2.91 which will be useful for two structure theorems. 

Theorem 2.90. If M is a smooth manifold and q : A —> G is a smooth and surjective morphism of Lie 
groups with kernel H , then there exists an exact sequence of morphisms of pointed sets as follows: 

1 — ► C°°(M,H) — ► C°°(M,A) — > C°°(M,G) — >■ r\m,H) — > r\m,A) — > H 1 (Af, G). 

Lemma 2.91. Let A be a Lie group, H < A open and G := A/H such that H 1 (A J f, G) = 1. Then 
H X (M, A) ^ H 1 (M, H) . 

Proof. Since R 1 (M, G) = 1, the map H 1 (M, H) -> fi 1 (M, A) is, by Theorem 2.90, surjective. □ 

Theorem 2.92. Let t = ®" =1 6i be a decomposition into a direct sum of indecomposable non-zero ideals 
of a perfect or centerfree Lie algebra t and let H^Af, G(t)) be trivial (e.g. M simply connected). Then 
there is a decomposition into a direct sum of indecomposable non-zero ideals Y k {h) = @" =1 r QL l ), where 
each 7T| L i : L l — > M is a subbundle of ir : L — > M with fiber ti and this decomposition is unique except for 
the order. 

Proof. Lemma 2.91 yields fi 1 (M, Aut(t)) = Y^{M,M{i)), so the bundle tt : L ->• M admits a cocycle in 
H(t) and we can construct the subbundles n^i : L* — > M with fiber t, ; . We also have 

n 

F fc (L) =0r l (L'), 

i=l 

which is a decomposition into a direct sum of indecomposable non-zero ideals because each {j is inde- 
composable (cf. Theorem 2.87). We conclude by showing the uniqueness of this decomposition (except 
for the order). 
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Let r fc (L) = I\ © I2 be a decomposition into a direct sum of ideals and P 1 be the projection onto 
l\ parallel to I2 and for i S {1, ...,n} let Pj be the projection onto T k (h l ) associated to the decom- 
position T fc (L) = r fe (L l ). Calculations totally analogous to (16) show that P 1 and each Pj are 
in Cent(r' £ (L)) = r fc (Cent(L)). For all x G M we have [P^P 1 ] (x) = [P(x), P 1 ^)] = because 
Cent(L K ) is abelian by Hom({!/ [t, t] ,3(6)) = and Lemma 2.18.3. Therefore P 1 commutes with Pj for 
any i £ {1, . . . , n}. This implies P 1 (r fc (L*)) = Pj(P) and, due to the indecomposability of the ideals, 
P \V={if) = or ^r*(L*) = 1 for an y i € {1, . . . ,n}, resulting in 

t 

p = 0r fe (i>) 

for some 1 < ji < ■ ■ ■ < jt < n. Thus the decomposition T k (L) = 0™ =1 T k {V) is unique. □ 

A statement concerning complex structures of real Lie algebras of C fc -sections is given by the following 
proposition. 

Proposition 2.93. Let K = ffi and i be indecomposable with Hom({/ [1,1] ,3(t)) = 0. Then r fc (L) admits 
at most two complex structures and, if H (M, Z/2Z) = Hom(7Ti(M), Z/2Z) is trivial (e.g. M simply 
connected), then r fc (L) admits a complex structure if and only ift does. 

Proof. A complex structure J G Ccnt(r fc (L)) = r fc (Cent(L)) induces a complex structure J x on each 
fiber Cent(h x ), thus on t. Lemma 2.28.2 implies that i possesses at most two complex structures, thus, 
by the connectedness of M, there can be at most two different C fe -complex structures, namely J and — J, 
on r fc (L). 

Let Jo be a complex structure on t. We turn £ into a complex Lie algebra by defining the multiplication 
by a complex scalar via (a + bi) • x := ax + bJo(x) for a, b G K and 1 e t. If er G AutR (t), a, 6 G M and 
x G t, then 

cr((a + bi) ■ x) = a(ax + bJo(x)) = aa(x) + ba(Jo(x)). 

Thus a G Autjj (t) is in Autc (t) if and only if ao J = Jgoa. Otherwise we have cro J o(T _1 = — Jo because 
(a o J o cr -1 )" = —1 and Jo, — Jo are the only complex structures on % by Lemma 2.28.2. So Autc (4) is 
a subgroup of index 2 of AutR (6), thus normal and AutR (t) / Autc (6) — Z/2Z. Since H (M, Z/2Z) = 1, 
we have H (M, AutR(t)) = H (M, Autc (?)) by Lemma 2.91, yielding the existence of an Autc (t)-valued 
cocyle of L and this turns tt : L — > M into a bundle of Lie algebras with complex fiber fi and T k (L) into 
a complex Lie algebra. 

Conversely, if T fe (L) admits a complex structure, then, by Theorem 2.86, this induces a complex 
structure on each fiber J, thus on I. □ 

2.7.4 Isomorphisms 

Now we will discuss the isomorphisms of Lie algebras of C fe -sections. In the light of Theorem 2.92 it suffices 
to do this for indecomposable Lie algebras only. The main key to the analysis of the isomorphisms is 
Lemma 2.96. We want to show some lemmas before. In this subsection M, N are smooth manifolds with 
positive dimensions m, n, respectively 

Lemma 2.94. For k G N the topology on M is the same as the initial topology of the maps in C k (M, IK). 

Proof. Let Om denote the topology on M. The initial topology of the maps in C fc (M, K), denoted by 
Oi, is the coarsest topology on M such that each / G C k (M, IK) is continuous, so that Oi C Om- Let V 
be a neighbourhood of x G M with respect to Om- Then, by paracompactness of M, there is a smooth 
function p : M — > [0, 1] C K such that P|m\v = and p\ w = 1 for a smaller ^-neighbourhood W C V . 
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But this yields W C p _1 (B(0.5; 1)) C V, where B(r;z) denotes the open ball with radius r around z 
in EC. Thus V is also a neighbourhood of x G M with respect to Oi and we conclude Om Q 0%, so 



Lemma 2.95. There exists a non-constant proper map tp G C°°(M,K), i.e. tp-preimages of compact 
subspaces are compact. 

Proof. Let [/ C M be a non-empty open subset with compact closure, K C U a non-empty compact 
subset and tp G C°°(M, [0, 1]) C C°°(M, K) a map such that suppp C [/ and p\x = 1. For any compact 



Lemma 2.96. Le£ u : C (JW, K) — > C (N, K) fee an isomorphism of associative algebras for some 7^ 
fc, £ G N. TTien k = £ and there is a C k -diffeomorphism A : M — > A~ suc/i i/iai = / A -1 /or aZZ 
/ g C fe (M,K). 

Proo/. Wc set .4 := A M := C k (M,K) and Ay := A$ := { / G A|supp/ C {/} for open Z7 C A/. 
Furthermore, for i 6 M we write A/" xo := N x ^ := {/ G A\ f{x ) = 0}. The symbols A N , Ay for open 
V C. N and A/j^ for y$ £ N are understood in the obvious analogous manner. 

Since any Af Xo obviously is a vector subspace of A and A ■ J\f Xa Q Af Xo ; it is even an ideal of A. Its 
codimension 12 is 1 because, evidently, we have N XQ ©IK- 1 = A Wc will show that in fact every ideal 7 < .4. 
of codimension 1 takes the form AT X for a some x G M . 13 For this, it suffices to show / C J\f x for some 
x G M because all A4 are ideals of codimension 1. Since, for £ 7^ xi, we have (A4 D M Xl ) © K • 1 7^ A, 
the point x G M corresponding to the ideal I is uniquely determined. 

Assume there exists an ideal / < A of codimension 1 such that for all x G M we have I % J\f x , i.e., 
there exists fo G I with fo(x) 7^ 0. By continuity, there is even an admissible 14 open x- neighbourhood 
{/CM with fo(x') 7^ for all x' G U. Note that M can, in our case, be covered by admissible open sets, 
say M = U 7 gr Uf If U C M is open and / G Ay then -j^ is a well-defined function in .4 = C fc (M, K) 
and / = /o ■ jr- G / because fo € I and J is an ideal of A Thus Ay C L 

Now let <p G A be a non-locally constant proper map, which exists by Lemma 2.95. Since codim^/ = 1 
and dim (K ■ tp © K • tp 2 ) = 2, there are a, b G K such that cup + btp 2 =: f\ G I is not zero and f± ({0}) 
is compact because /{" ({0}) = (fe^) -1 ({0}) U <^ _1 ({ — f }) and btp is proper in the case of b 7^ and 
/r 1 ({0}) = (a^T 1 ({0}) and atp is proper if 6 = 0. We define an open set Ui := /f 1 ^ {0}). The 
compact subset /j -1 ({0}) C M is covered by finitely many admissible open sets U2, U3, . . . , U r G (Z7 7 ) 7e r- 
Let (Vp)pzB be a locally finite refinement of (Ui, . . . , U r ) such that there is a smooth partition of unity 
(pp : M —> [0, l]) / g eB subordinate to (V/3)/3£.b. Let B\,.,.,B r C fi be subsets such that £? = (Ji=i 
and let /3 G Bi for some i G {1, . . . , r} imply Vp C f7j. Then, for any i G {1, . . . r} and /3 G Bi 7 we have 
pJC Aut ■ We obtain 



but this contradicts the fact that I has codimension 1. This shows that for any ideal / < A with 
codimension 1 there exists x G M such that / = M x . 

Since v is an isomorphism of associative algebras, v(Af x ) is, for any x G M, an ideal of A N with 
codimension 1, thus equal to Afy for some unique y £ N. We write y =: X(x) and obtain a mapping 
A : M N. A dual argumentation with v^ 1 instead of v leads to a mapping X : N M such that 

12 The "codimension" of an ideal I < A = A M or J < is always meant to be the vector space dimension of the 
quotient algebra A./ 1 or A N /J, respectively. 

13 The proof will also show the analogous statemanet for the ideals J < A N with codimension 1. 
14 Wc call an open set U admissible, if there is a function / S I such that f(y) ^ for all y 6 U. 



O t = Om- 



□ 



CCI, the set ip 1 (C) is a closed subset of U, hence compact. 



□ 
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A o A = idjv and A o A = idjvf , so A is bijcctive. Note that we can perform the following calculation for 
f £ A and y £ N: 

f(\- 1 (y))=0 feM x - Hy} =>■ »(/)eW* = 0. 

But this already implies that / o A -1 = for any f £ A because we may replace the mapping / by 
/ — r ■ 1 for arbitrary r £ K in the above calculation. We will now show that A is a C fe -diffeomorphism. 

By Lemma 2.94, the topologies on M and TV can be described as the initial topologies of the maps 
in C fc (Aif,IK) and &(N,K), respectively. Since u" 1 ^) = g o A £ C k {M,K) for all g £ C e (N,K), the 
map A : M —> N is continuous. Let (U-, (p'i)iei be a locally finite atlas of M and (Vj, a locally 

finite atlas of N. We modify the chart maps by multiplying them with the maps pi : M — > [0, 1] and 
Wj : N —> [0, 1], respectively, of smooth partitions of unity subordinate to the atlases. Then pi\u i = 1 and 
zuj^y = 1 for open sets Ui C XJ[ and Vj C V- still covering the whole manifold. We obtain new atlases, 
denoted by {Ui,fi)i^i and (Vj,ipj)j^j, where each chart map is defined on the whole manifold. Now let 
t £ {1, . . . ,n}, i £ I, j £ J and define A := tp { (U, n A -1 (Vi)) C R™ and D := e^(ipj(Vj D X(Ui))) C M. 
The map ej? o %pj o A o (<^j) 1 : A — > D is equal to 

tr^tWiJofo)" 1 ec* (A, D) , 



thus, since t,i and j were arbirarily chosen, A : M — > N is C . 

By the symmetry of the arguments, A -1 is a C f -map and, by the Inverse Mapping Theorem, even a 
max(fc, £)-timcs continuously diffcrcntiablc diffeomorphism. Since the composition with A turns C £ (N, K)- 
maps into C k (M, K)-maps and A" 1 turns C h (M, K)-maps into C e (N, K)-maps, so C*(M,K) = C l {M,K) 
and C fe (iV, K) = C e (N, K), thus k = £, completing the proof. □ 

The following Lemma will be used in Theorem 2.98. 

Lemma 2.97. 

1. Let V be a vector space oj finite dimension, (U,£) a chart of M and T : U — > End(V), / : U — > V 
smooth functions. Then, for any multi-index a £ N m , we have: 



7<a 



dFCT-/) = Eu) (d^T-dfV). (18) 



2. We have, for a £ W 



(_l)|a-7l = ( 1) if a = = ^ 

^ jl(a — 7)! I otherwise a\ 



7<a 



Proof. 



1. The proof is done by mathematical induction over \a\. The claim is trivially true for a = 0. For 
\a\ = 1 there exists a canonical basis vector of W 71 such that a = e, and <9|* = Then 

d Si (T-f) = d^T-f + T-d^f 

and the claim is also true. Now consider the claim shown for all multi-indices /3 £ N m with 
|/3 1 = n > and fix a £ N m with \a\ = n + 1. There exists a canonical basis vector ei of K m such 
that (3 := a — ei £ N m and |/3| = n. By induction hypothesis, we have 

9f(T-/) = W^W-af-v, 
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thus 

■ /) = e (?) ^ (5 r • a r 7/ ) = e (!) ( 9 r e ' T • C 7 / + 9 ? r ■ c +ei /) 

7<£ 7</3 ^ ' 

= e (?) 5 r eiT • d i ~y + e (?) ^ • C 7+ei / 

7<£ 7</3 



E ("-eO 9 l T - 9 « E (" ei )^r-a^~ 7 / 

i-^t-^/+ e (( a 6 z^) + ( a ~ s ei )) d i T - d r 5 f +i ' d ? T ' d if 



s 

S<c 

So the claim is true for all multi-indices a £ N' 5 



2. For a given multi-index a £ N m we define a mapping F a : M. m — >• R, a; i— > Jll^i ^i**- By * ne Taylor 
Formula and the fact that <9 7 F = for each 7 € N m with 7 j > a% for an index i £ {1, . . . , m}, we 
obtain: 



F a (x - y) = E ^i/^' • ^F a (x) + 



a j—li 
X 3 



1 

This yields, by setting a; = y = (1, . . . , 1) £ 



k.M.yl. (f[(-i r ) -J— ft 1— = E ( ' 1)la ' 7 ' 

a! a! ^7! l 1J - V 7 / (a-7)! 11 ^ 7 !(a-7)! 

7<a \i=l / \ j=l / 7<a 



□ 



Theorem 2.98. Let n : L — >• M and t*7 : E — > iV oe two bundles of Lie algebras with fiber I and g, 
respectively, dimt = d, dimg = e, Hom(l/ [I, I] ,3(1)) = 0, Hom(g/ [g, g] , 3(0)) = and S(t) = K • 1, 
S(g) = K • 1, so that both Lie algebras are indecomposable by Lemma 2.28. Suppose there exists an 
isomorphism of Lie algebras fi : T fc (L) — » T^(E) for some 7^ fc,£ € N. TTien k=£ and 

(a) if k,£ £ N, i/ien is induced in a natural way by a C k -isomorphism of vector bundles k : L — > E. 
i.e., if k' : M —> N is the map underlying to k (that means k! o tt = vo o k), then for all X £ r fc (L) 
we have /J,(X) = k o X o (k') . In particular, the manifolds M,N are C k -diffeomorphic and the 
Lie algebras t, g are isomorphic. 

(b) if k,£ = 00, then the manifolds M,N are diffeomorphic and the Lie algebras t,g are isomorphic. 
After identifying the manifolds and the Lie algebras, fi turns into a linear differential operator of 
order at most e — 1 taking the following local form on a bundle chart (U, if) of n : L — > M with 
corresponding chart ([/,£) of M: 

A * ^ E h. N ° ' ^° ' d ? A ^ ' (20) 

\a\<d 

where /io is a smooth function U — > Aut(g) and we use the notation N a = N" 1 o . . . o N^ m for 
multi-indices a = (ai, . . . , a rn ) £ N m and smooth functions N\, . . . , N rn £ C°°(U, N(g)). 
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Proof. The isomorphism of Lie algebras p : T k (L) — > T e (E) induces an isomorphism of associative algebras 
p : Cent (r fe (L)) Cent (T £ (E)) by p(T) := poTop- 1 for T G Cent (r fc (L)) . This identifies, by Theorem 
2.86, with an isomorphism r fc (Cent(L)) — > r^(Cent(E)) and, by applying Lemma 2.18.3 to the fibers of 
Cent(E), we deduce that p induces an isomorphism of associative algebras v : C fc (M, K) — > C (N, K) as 
follows: By (17), an arbitary element of S (L fc (L)) takes the form / • 1, where / 6 C k (M, K). By another 
application of (17), we see that there is a function v(f) G C e (N,K) such that we have 

p(f-l)=v(f)-l + N f , (21) 

where Nf G N (P (E)) = L^(N(E)) is nilpotent and this decomposition is unique. Note that for constant 
functions / = c, the map p(f • 1) = c • p(l) = c • 1 is semisimple and thus, by uniqueness of the 
decomposition (21), we have Nf = for constant functions /. The morphism property of v is shown by 
the following calculations: 

p(f ■ 1) ■ p(g ■ 1) = p((f ■ 1) • (.9 • 1)) = Kf9 ■ 1) = v(fg) -1 + Nf, 

and 

p(f ■ 1) ■ p(g ■ 1) = Hf) ■ 1 + N f ) ■ (v(g) -1 + N g ) = v(f)v(g) ■ 1 + v(f) ■ N g + v(g) ■ N f + N f N g . 

v * ' 

nilpotcnt 

Furthermore, the Binomial Theorem yields, for / G C fc (M, K) and r G N: 

N r = E (l) <f) r ~ l (Nf?- 
t=i \ ' 

Note that v is bijective because A*|s(r fc (L)) an d Mi~s(r*(E)) are m jective. By applying Lemma 2.96 to 
v : C k (M,K) -> C f (iV,]K), we obtain fc = I and the existence of a C fc -diffeomorphism X : M ^ N 
such that u(/) = / o A -1 for all / G C fc (^,IK). We now identifiy the manifolds M,iV via A and the 
associative algebras C fc (M, K), C k (N, K) via w, so that we have the isomorphisms : F fc (L) — > F fc (E) and 
p : F fc (Cent(L)) = Cent (F fc (L)) — > F fc (Cent(E)) = Cent (L fc (E)). For all sections A G r fc (L), all points 
x G M and all mappings / G C k {M,K) with /(x) = 0, we calculate: 

(p (f e A)) x = (p ((/« • 1) (A))) x = ((/I (/ e ■ 1)) = ((/ e • 1 + iV>.) (p(A))) x 

= (f e p(A)) x + (N f e(p(A))) x = f( x y (p(A)) x + (fj fix)"* (Nft ifi(A)) x =0 + = 0. 

t=i ^ ' 

(22) 

Suppose a section A G T fe (L) be zero on an open set U C M, x G [/ and let p : M —> [0, 1] be a smooth 
function and W C [/ a smaller x-neighbourhood such that /J|m\(7 = and p\yj = 1. Then A = (1 — jo) e A 
and (22) shows (^(A))^ = 0. Since x was arbitrarily chosen, p{A) is also zero on U. So p : T k (L) — > T fc (E) 
is local and, by the Pectrc Theorems 2.63 and 2.65, a differential operator. 

If k G N, then Theorem 2.65 even implies that p is a differential operator of order inducing a bundle 
isomorphism k : L — ► E (cf. Definition 2.33 and Remark 2.66). This proves (a). 

Now assume k = oo. Let A G T(L) be a section with j|~ 1 (A) = 0. By Lemma 2.46, the section A 
locally takes the form 

r 

for functions f t G C°°(M,K), / t (x) = and A t G T(L). By using relation (22), we see that 

r r 

(M^))x = E[M/^)Ls = E = - 

i=l i=l 
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This proves that the order of the differential operator [i is at most e— 1 because j% 1 (A) — already implies 
(fi(A)) x = 0. Let (U, ip) be a bundle chart of ir : L — > M with corresponding chart (U, £) of M such that 
£{U) is convex. We have the local forms fif : G k (U,t) -> C k (U,g), Jl v : C k (U, Cent(t)) -> C fc (C/, Cent(fl)) 
and iVj e C fc ([/, N(g)) of /i, pt and AT/ e T fc (N(E)), respectively. Locally, the decomposition (21), turns 
into: 

^(/•i) = /-i + iv;. 

The Taylor Formula yields, for each x £ U and A £ T(L): 



jT 1 [v— ^go- E 

l«l<< 



n! 



d?A*(x) =0. 



For x,y £ U, i £ {1, . . . , m} and a 6 N m with |a| < e we write: 

m 

Ba,x(») :=n(fi(tf)-6(a:)) a< , 



i=l 



(23) 



Then we define smooth mappings N\, . . . , iV m : f/ — > N(g) and /io : U —> Hom(t,g) (in the sense of Lie 
algebra morphisms), by setting for x £ U, u £ { and the constant map c u : U — > g, y H» u: 



and 



We calculate: 



LL (x)(u) := pL v (c u )(x) 
JVi(i) := JV£» = ^(6,. • l)(z) - • l)(a:) 

= ^(e,x • i)(x) 

= /F (S aia ,.l)-^ (y^a^(x)) 



II/' (c -i; 



1=1 



(Mo ■ d?^) 



Jjvt* ) - (mo • ^) = TV- . ( Mo . 



Thus, by (23) and the fact that \i is of order at most e — 1, we have the local form 



A v 



E h Na ■ ^ ■ d t AV ) 



\a\ <e 



(24) 
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It remains to show that each Ho(x), where x G U, is bijcctive. This will be done in two steps. First, we 
verify the following idcntitiy for A G T(L) and B G T(E) with n{A) = B (implying ^ (A v ) = B v ): 

p w : = E { —^- d ? ( Na • (f*° ■ Av v = E { —^r d ? ( Na ■ B ^ = : Q ^ ■ ^ 

|a|<e |a|<e 

Note: 

If Si, ... , S m G N(fl) and |a| > e, then S a = S* 1 o . . . o = (26) 

because S a can be written as a sum of |a|-th powers of linear combinations of the Si and the e-th power 
of a nilpotent morphism cotained in N(g) is zero. Therefore we can perform the following manipulations: 



|ce|<e |a|<e 

(-l)H 



V \P\<e 



a!/3! 

|a|<e 



|a+,8|<e 

^! 7 !(a -7)! 



|c + /3|<e 

7<a 

Now we perform the following substitutions: a' := a + f3 — 7, /?' := 7 and 7' := /?, thus a + /3 = a' + /3', 
a — 7 = a' — 7' and 7 < a 7' < a'. And so we can finally show (25): 

y tll^d? (N a ■ b v ) = y —i-il^—a; (N a+I3 Mo ) • d? + ^A* 

^— ' a! 5 ^-^ pl^'lo; — T)! c 4 

|a|<e | Q +3l<e v " 

(-1)1" 7 I ■ (-l)' 3 / r ' +/i ' \ 

|a'+/S'|<e 
7'<a' 



E ( E ^4 • *#flf ° mo) • a?> 



|a'+y9'|<e \7'<a' 
|/8'|<e ^ ' 

By the definition of P and if ^(x) = it = A'f(x) for A, A' G T(L) and x G U, then: 
P(A)(x) = 2 ^^^(JV«(x)(po(x)(^( a; ))))= J2 i - Z ^d^(N a (x)(^(c u )(x))) = P(A')(x). 

|a|<e |a|<e 

So P(A)(x) G depends on A v only via A v (x) G £ and we can define a linear map P^ : £ — > g by 
setting P x (A v (x)) := P(A)(x) for x G U. We may also define linear maps Q x : Q — > g for x £ U by 
Qx{B ip (x)) := Q(B)(x) for x G £/ due to an analogous element as above with the N a instead of (Uq. Since 
any Q x is a sum of 1 and a nilpotent linear map (see the sum in the third term of (25) evaluated in x), 
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it is bijcctivc. Wc define a smooth mapping 770 : — >■ Hom(g, t) (in the sense of Lie algebra morphisms) 
by setting for x £ U , v £ g and the constant map c v : U — > g, 2;' — >• u: 

T)o(x)(v) := (/x~ 1 ) ¥ ' (c t ,)(a;). 

We now fix x £ {/ and u £ g. Since /i is surjective, there exists A £ T(L) such that \i* (A v ) = c^, thus 
A v {x) = rjo(x)(v). By (25), we have P x (t]o{x)(v)) = Q x {v). The injectivity of Q x implies the injectivity 
of 170(2;) : Q — ► t, yielding e < d. By the symmetry of the arguments, /j.q(x) : t — > g is also injective, 
yielding d < e. So fio(x) is an isomorphism of Lie algebras. □ 

Remark 2.99. If the Lie algebra t is complex simple, then it is central, i.e. Cent(t) = CM, by the Schur 
Lemma. If the Lie algebra t is real simple, then Proposition X.1.5 of [Hc78] says that 6 satisfies exactly 
one of the following two conditions: 

A. £ admits a complex structure and the complexification £c = t ®R C is the direct sum of two simple 
isomorphic ideals, hence tc is not a simple C-Lie algebra. 

B. 6c is a simple C-Lie algebra. 

If the real simple Lie algebra 6 is the Lie algebra associated to a compact Lie group, then its complcxifi- 
caton tc is complex simple by Lemma X.1.3 of [He78], so we are in case B and have Cent(J) = R • 1. 

Corollary 2.100. If we have one of the following two cases: 

1. the Lie algebra t is complex simple, 

2. the Lie algebra t is real simple and associated to a compact Lie group, 

then for any \x £ Aut (r fc (L)), where k £ N, there is a C k -diffeomorphism X : M M such that fi can 
be identified with some fio £ T k (Aut,\(L)), i.e. a C k -section in T k (Hom(L, L)) where for all x £ M 
the map Ho(x) : L x — > L\( x ) is an isomorphism of Lie algebras. The bundle Autx(L) is isomorphic to 
Aut(L) := Aut idM (L) by (/ : L x -> L A(x) ) 1 — > ^r 1 o / : L x L x ) ■ 

Corollary 2.101. In both of the cases of Corollary 2.100, the Lie algebra of C k -sections, where k £ N, of 
the trivial bundle L = M x t is naturally isomorphic to C k (M,t) and, since Diff fe (M) andr fc (Aut(L)) = 
C k (M, Aut (6)) can be naturally embedded into Aut(C fe (M, 6)) as a subgroup and a normal subgroup, 
respectively, we obtain the isomorphism 

Aut(C k (M,t)) = C k (M, Aut(t)) x Diff fe (M)- 
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